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Abstract

We considerreal-timerenderingof scenesn participatingmedia,
capturingtheeffectsof light scatteringn fog, mistandhaze. While
anumberof sophisticateédpproachebasedn MonteCarloand -
nite elemensimulationhave beendeveloped thosemethodslo not
work atinteractve rates. The mostcommonreal-timemethodsare
essentiallysimplevariantsof theOpenGLfog model. While easyto
useandspecify thatmodelexcludesmary importantqualitative ef-
fectslik e glows aroundight sourcestheimpactof volumetricscat-
teringon theappearancef surfacessuchasthe diffusingof glossy
highlights,andthe appearancendercomple lighting suchasen-
vironmentmaps.In this paperwe presenanalternatve physically
basedapproachthat capturegheseeffectswhile maintainingreal-
time performanceand the ease-of-usef the OpenGLfog model.
Our methodis basedon an explicit analyticintegrationof the sin-
gle scatteringlight transportequationgor an isotropic point light
sourcein ahomogeneouparticipatingmedium.We canimplement
themodelin modernprogrammablgraphicshardwareusinga few
small numericallookup tablesstoredastexture maps. Our model
canalsobe easilyadaptedo generatehe appearancesf materials
with arbitraryBRDFs,environmentmaplighting, andprecomputed
radiancetransfermethods,n the presencef participatingmedia.
Hence ourtechniqguesanbewidely usedin real-timerendering.

1 Intro duction

Mary real-time renderingapplicationslike gamesor interactve
simulationsseekto incorporateatmospherieffects suchas mist,
fog andhaze.Theseparticipatingmedialeadto a numberof quali-
tative effectsnot presentn cleardayconditions(comparegure la
with our resultin gure 1c). For instance thereare often glows
aroundlight sourcesecausef scattering.The shadingon objects
is also softer with specularhighlights diffusedout, dark regions
brightenedandshadavs softer It is critical to capturetheseeffects
to createrealisticrenderingf scenesn participatingmedia.

In computergraphicsthe approachefor capturingtheseeffects
representwo endsin the spectrunmof speedandquality. For high-
quality renderinganumberof MonteCarloand nite elementech-
nigueshave beenproposed Thesemethodscanmodelvery general
volumetric phenomenand scatteringeffects. However, they are
slow, usually taking hoursto rendera single image. Signi cant
gainsin efciency cangenerallybe obtainedonly by substantial
precomputationandspecializingto very speci ¢ typesof scenes.

At theotherextreme perhapghemostcommonapproactior in-
teractie renderingis to usethe OpenGLfog model,which simply
blendsthe fog color with the objectcolor, basedon the distanceof
the viewer ( gure 1b). The fog modelcaptureghe attenuatiorof
surfaceradiancewith distancein participatingmedia. This model
is alsopopularbecausef its simplicity—implementatiorrequires
almostno modi cation to the scenedescriptionandthe userneed
only specifyoneparameterb, correspondingo the scatteringco-
ef cient of themedium(densityof fog). However, mary qualitatve
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(a) Clearday

(b) OpenGLfog
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Figurel: Rendeedimagesofa scenewith 66,454texture-mappedrian-
glesand 4 point lights. Theinsetsshowan image for anotherview of the
vase with highlightsfromall 4 sources,to amplify shadingdifferences.(a)
Standad OpenGLrendering(withoutfog), (b) OpenGLfog which captuies
attenuationwith distanceandblendingwith fog color, and(c) Our real-time
model thatincludestheglowsaroundlight sources,andchangesto surface
shadingsud as dimmingof diffuseradiance( oor andwall), brightening
of dark regions(bad sideof pillars and vases)and dimmingand diffusing
of specularhighlights(inset).All thevisualeffectsin this complexsceneare
rendeed by our methodat about20 framesper second.
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Figure?2: Diagramsshowingthreecasesf howlight travelsto the viewer throughthe participatingmedium.In (a) light travelsin a straight line anddirectly
readesthe surfaceandthe viewer Thisis essentiallywhatpreviousinteractivemodelssud as OpenGLfog compute In (b), in additionto whathappensn
(a), airlight scattes to the viewer and produceseffectslike glowsaroundthelight souice In (c), in additionto whathappensn (b), airlight also scattes to
thesurfaceandgetsre ected,leadingto effectssuc asthediffusingout of specularhighlightsand brighteningof darker regions. In image (d), re ectedrays

fromthesurfacealsoscatterto theviewer

effectsaremissing,suchasthe glows aroundlight sourcesthe ef-
fect of scatteringon objectshading,andthe ability to incorporate
comple lighting effectslike environmentmaps.

In this paper we take a signi cant steptowardsimproving the
realismof renderedimageswith participatingmedia( gure 1c),
while maintainingthe real-time performanceand easeof use of
the OpenGLfog model. Our modelcanbe implementedasa sim-
ple vertex or pixel shader(pseudocod@n gure 13), allowing it to
be easilyaddedto almostary interactive application. The method
canalso be appliedwith comple lighting, allowing ervironment
mappingandprecomputedadianceransferto beusednteractiely
with participatingmediafor the rst time ( gures 15and16).

Figure 2 illustratesthreeimportantvisual effects due to light
transportin scatteringmedia. In this discussion,and this paper
we assumesingle scattering(i.e. that light scattersat mostonce
in the medium),which is a commonapproximationin volumetric
scatteringandcanbe shawvn to be accuraten mary commonsitua-
tionssuchasthin fog. Figure2acorrespondso directtransmission
of light from the sourceor surfacesto the viewer. We cansim-
ply attenuatethe clearday radiancevaluesbasedon the distance
(optical thickness). This simple approachis essentiallywhat in-
teractve modelslike OpenGLfog implement. Figure 2b alsoin-
cludesthe glows aroundlight sources,commonlyreferredto as
airlight [Koschmeiderl924]. Glows occur becausdight reaches
the viewer from differentdirectionsdueto scatteringn the atmo-
sphere.Figure2c furtherincludesthe effect of airlight on the out-
goingsurfaceradiance leadingto effectssuchasthespreadingut
of speculahighlightsandsofteningof shadavs. Theseareimpor-
tanteffects,usuallyneglectedin previousinteractve methods.Our
modelrendersall of theeffectsin gure 2cin real-time.

Figure2dillustratesthecasewherethesurfaceradiances single
scatteredn additionto beingattenuatedbeforereachingthe view
point. On onehand,the attenuatiordecreasethe brightnesf the
radianceatthesurfaceaccordingo thedistanceof the surfacefrom
theviewer. Ontheotherhand thesinglescatteringesultsin slight
brighteningandblurring of this surfaceradiance Implementinghe
latter effect requiresa depth-dependemonvolution. In this paper
we will only considerattenuatiorof surfaceradiance andwe will
setasideamorethoroughinvestigationof thelattereffectfor future

work®. Thespeci ¢ technicalcontritutionsof this paperare:

Explicit Compact Formula for Single Scattering: The
commonapproachto using single scatteringis to numericallyin-
tegratebrightnesscontritutionswhile marchingalongthe viewing
ray. However, this approachs too slow for interactive applications,
which requirean explicit formulasuchasthe OpenGLfog model.
Oneof the main contritutions of this paperis the derivation of an
explicit compacformulafor thesinglescatteringrom anisotropic
point sourcein a homogeneougarticipatingmedium,by analyti-
cally integratingthesinglescatteringequationsThis airlight model
(section3) allows usto simulateeffectslik e the glows aroundlight
sourceq gure 2b). We canalsousethe modelto calculatethe ef-
fectsof scatteringpnthesurfaceshading gure 2c). Thesecalcula-
tionsarevery expensve evenfor numericaiintegration,becauseve

1singlescatteringrom differentsurfacepointsin thescenecanpartially
compensatéor thelossof brightnesslueto attenuationNeglectingthiscan
produceconsistentlydarkerimages especiallyfor indoorscenes.

mustconsiderincidentairlight from the entirevisible hemisphere.
However, they canbe directly implementedusingour explicit sur-
faceradiancemodel(sectiord).

Implementation on Programmable Graphics Hardware:
We speculatehat an explicit formula for the single scatteringin-
tegralshaspreviously not beenderived becausef the compleity
of the calculationsinvolved. In this paper we reducethesedif-
cult integralsto a combinationof analyticfunctionsthat depend
only onthe physicalparametersf the problem,andafew lookups
of takulated2D functions,that have no simple analyticform, but
aresmoothandpurely numerical—independewif the physical pa-
rameters.The numericalfunctionscanbe precompute@ndstored
as 2D texture maps,andthe entireanalyticcomputationandtable
lookupscan be implementedn simple pixel or vertex shadersn
modernprogrammabl@raphicshardware(section5).

Extensions to Complex Lighting and BRDFs: It is also
possibleto extend our airlight and surfaceradiancemodelsto in-

corporatemore comple illumination modelsand materialproper

ties (section6). Mathematicallywe derive a point-spreadunction
(PSF)to representhe glow arounda light source. We can con-
volve an environmentmapwith this PSFto getthe appearancef

afoggy sceneundernaturallighting. We canalsousea frequeng

domainsphericaharmonicrepresentatioto enablerenderingwith

arbitraryBRDFs,andaddin shadaevs andinterre ectionswith pre-
computedadianceransfermethods.This approactenablesneth-
odssuchasernvironmentmappingandprecomputedadiancerans-
fer to beusedwith volumetricscatteringeffectsfor the rst time.

Our goal is to achieve interactive renderingof participating
media. To enablethis, and derive an explicit compactexpres-
sion that can be implementedin real-time, we make a number
of assumptions—isotropipoint light sourceshomogeneouse-
dia, the single scatteringapproximationandno castor volumetric
shadavs (shadavs can,however, beaddedusingprecomputedight
transportmethods). More comple< and generalscatteringeffects
are certainly desirablein mary situations,but are not possibleto
obtainatreal-timeratesfor generakscenesOn the otherhand,our
methodcapturesmostof theimportantvisual effectsof scattering,
while beingvery simpleto addto ary interactve application.

2 Related Work

Theliteratureon simulatingvolumetriceffectsis large, goingback
to [Blinn 1982], andwe only discussmportantrepresentatie pa-

pers. Most techniquesare basedon numericalor analyticapprox-
imationsto the radiatve transferequation[Chandrasekhat 960].

Monte Carloray tracingmethodsvereadaptedy computergraph-
icsresearcherto renderimpressie effectsincludingmultiple scat-
teringandnon-homogeneousediaKajiya andHerzen1984;Max

1994;Jenser2001]. However, suchmethodscantake hoursto ren-

derasingleimage.To speedup rendering humericalmethodghat

only simulatesinglescatteringhave alsobeenproposedPattanaik
and Mudur 1993; Nakamaeet al. 1990; Sakas1990; Rushmeier
andTorrancel987]. However, they still requiresigni cant running

times,andarenot suitablefor interactie applications.



Hardware-accelerated numerical methods: A numberof
recenthardware-acceleratetechniquesan signi cantly decrease
the runningtimesof numericalsimulationsalthoughthey arestill
usually not fastenoughfor mary interactve applicationssuchas
games.Dobashiet al. [2002] describea multi-passrenderingtech-
nique that numerically integratesthe single scatteringequations,
usinggraphicshardwareto accumulatehe resultsat a numberof
planesin the scene similar to volumerendering. Harris and Las-
tra [2001] rendercloudsby including a forward scatteringtermin
additionto single scattering.Note that their methodis gearedto-
ward the casewhen the viewer is far from the clouds, and they
apply a differentand slower approachwhenthe viewer andscene
areimmersednsidethe medium,asis the scenaridn our work.

Thesemethodsareintendedo applyto speci c phenomenidike
the sky or clouds[Dobashiet al. 2002; Riley et al. 2004; Harris
andLastra2001]. Thisallows themto make useof comple takular
volumespeci cations precomputedighting solutionsor multipass
renderingtechniquego produceeffectsincludinginhomogeneous
mediaand simple heuristicsfor multiple scattering. They allow
for viewpoint, andin afew casesnteractive lighting variation,but
usually x themediumpropertiesandscenespeci cation.

In contrastour techniguewhile focusingon homogeneoume-
diaandsinglescatteringcanbeencapsulateth a simpleshadeffor
generalscenesandallows for realtime variationof the viewpoint,
lighting, scatteringoropertief themedium,andevenscenggeom-
etry andre ectance.Anothermajorbene t of our methodis thatit
addresseshe effects of scatteringon surface shading( gure 2c)
andcomplex lighting like environmentmaps.Theseeffectsarenot
includedin previous methodsbecauséhey aredif cult to numeri-
cally simulateef ciently, requiringanintegrationover all incident
scatteredighting directionsat eachsurfacepoint.

Analytically basedmethods: Thediffusionapproximatiorfor
optically thick mediawas appliedto subsurace scattering[Stam
1995;Jenseretal. 2001]. An analyticform for thesinglescattering
termwasalsoderived by HanraharandKrueger[1993]. However,
the problemwe are solving is very differentfrom that of subsur
facescatteringwherethe light sourcesandviewer are outsidethe
medium. In our case,both the sourcesand viewer areimmersed
inside the medium. Also, unlike in the caseof diffusion, we are
interestedn stronglydirectionaleffectslik e glows aroundsources.

Analytic expressiondor airlight with directionallight sources,
basednthedervationby Koschmeidef1924], areusedfrequently
for renderingskies[Preethanet al. 1999; Hoffman and Preetham
2003;NarasimharandNayar2002]. However, our focusis differ-
ent. We wish to derive an analytic modelwith “near eld” point
sourceswhichis asigni cantly morecomplex lighting situationas
comparedo distantlighting (collimatedbeams).

Analytic expressiondor the glows aroundpoint light sources
inside homogeneousnediahave also beenderived [Max. 1986;
Biri et al. 2004; Narasimharand Nayar 2003]. Therefore,those
methodscould be usedto renderglows in real time. However, it
is not clearhow to extendthemto a completereal-timerendering
systenthatalsoconsidergheeffectsof airlight on surfaceshading,
or handlescomplex environmentmaplighting. Furthermoretheir
derivationsinvolve approximationghat are not feasiblein several
commonrenderingscenarios.For instance the modelderived by
Max [1986]doesnottakeinto accountattenuationBiri etal. [2004]
usea polynomialapproximationto single scatteringwhich results
in inaccurateglows alongviewing directionsnearthe source.The
multiple scatteringmodelin [Narasimharand Nayar2003]is not
strictly valid when objectsare presentin the medium, especially
nearthesourcegasis generallytruein mostcommonscenes)or for
optically thin media. Further the integrationrequiredfor surface
radiancecannotbe computedanalyticallyor simulatedhumerically
atinteractie rates.

3 The Airlight Model

In this section,we will derive anexplicit modelfor the singlescat-
teredradianceat a viewer, dueto an isotropic point light source,
assuminghatboththeviewerandthe sourceareimmersedn a ho-
mogeneouscatteringnedium.Considerthe scenaridllustratedin

s;v;p  Subscriptdor SourceViewer, surfacePoint

g Angle betweerlight sourceandviewing ray

Dsv Distancebetweersourceandviewer

Dvp Distancebetweernviewer andclosestsurfacepoint

Dsp  Distancebetweersourceandsurfacepoint

Tev Opticalthicknessetweersourceyiewer (bDsgy)

Tvp Opticalthicknessbetweerviewer, surfacepoint (b Dyp)

Tsp Opticalthicknesshetweersource surfacepoint (b Dsp)
Scatteringcoefcient of the participatingmedium

a Angle of scattering

X Distancealongtheray from viewer (integrationvariable)
d Distanceof singlescatteringrom light source

I Radiantintensityof pointlight source

fr BRDF of surface

Figure3: Notationusedin our derivations.
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Figure4: Diagramshowinghowlight is scatteedonceandtravelsfroma
pointlight sourceto theviewer

gure 4 (the notationsusedareindicatedin gure 3). The point
light sourcehasa radiantintensityl, andis ata distanceDsy from
the view point, makinganangleg with the viewing direction. The
radiance,L, is composedf the direct transmissionl 4, andthe
singlescatteredadianceor airlight, L,

L= Ly+ La: 1)

Thedirectterm L simply attenuateshe incidentradiancefrom a
point source(IO:Dg\,) by an exponentialcorrespondingdo the dis-
tancebetweersourceandviewer, andthe scatteringcoefcient 2 b,

|
Lg(grDsvib) = 55-e *P= d(g); @
B\
wherethe deltafunctionindicatesthat for directtransmissionye
receve radianceonly from the directionof the source(no glows).

3.1 The Airlight Integral

We focusmostof our attentionon the airlight L. The standardex-
pressior{NishitaandNakamael987]is givenby anintegral along
theviewing direction,

z Dvp I, e bd
La(9; Dsy; Dyp; b) = 0 bk(a) -2 a2
where Dy, is the distanceto the closestsurface point along the
viewing ray or in nity if thereareno objectsin thatdirection,and
k(a) is the particle phasefunction. The exponentialattenuation
correspond#o thetotal pathlengthtraveled,d + x. Thetwo param-
etersd andanglea in theintegranddependon x. In particulard is

e PXdx; (3)

2Whenthereis light absorptiorin additionto scatteringp is calledthe
extinction coefcient andis givenby the sumof the scatteringandabsorp-
tion coefcients. In this paperwe simply referto b asthescatteringcoef-
cient,andit is straightforvardto includeabsorptiorin our models.



Figure5: 3D plot of specialfunctionF (u;v) in therangeof0 u  10and
0 v 5. Theplotshowshatthefunctionis well-behavedndsmoothand
cantherefore beprecompute@dsa 2D table Asexpectedromthede nition
in equation10, the function deceasesas u increasesand increasesas v
increases.The maximumvaluein the plot above therefore occurs at (u =
0;v= 2). Alsonotefromequation10, thatfor u= 0, thereis noattenuation
sothefunctionis linearin v.

givenby thecosinerule as

q
d= DZ,+ X2 2xDeyCOSg. (4)

Let us now substituteequation4 into equation3. For now, we
also assumehe phasefunction k(a) is isotropic and normalized
to 1=4p (our approachcanalsobe generalizedo arbitrary phase
functions—seappendixD on CDROM). In this case,

O —
b|0 z Dy @ b" DZ+x2 2xDsyCOSg

4p o DE+x?

bXdX.

®)
We referto this equationasthe airlight single scatteringintegral
andnext focuson simplifying it furtherto derive anexplicit form.

La(g; Dsyv; Dyp; b) = 2xDgyCOSg
SV

3.2 Solution to the Airlight Integral

We take a hybrid approacho solve equation5. The key resultis
thatthisintegral canbefactorizednto two expressions—(aanan-
alytic expressionthat dependon the physical parametersf the
scenand(b) atwo-dimensionahumericallytabulatedfunctionthat
is independentof the physical parametersEssentiallythis factor
izationenablesisto evaluatetheintegral in equatiorb analytically
A high-level sketch of the derivation is given belov and detailed
simpli cations areincludedin appendixA.

STEP 1. Reducing the dimensions of the integral: Since
the integral in equation5 dependson 4 parameterspur rst step
is to apply a seriesof substitutionghat reducethe dependeng of
the integrandto only one parameter For this, we rst write the
expressionsn termsof optical thicknesse§ = bD andt = bx.
In mostcasesthis eliminatesthe separatalependencen both b
and the distanceparameterssomevhat reducingthe compl«ity,
andgiving usa simplerintuition regardingthe expressiors behar-
ior. Then,we combinethedependencen Tg, andg by makingthe
substitutionz=t TsyC0sg, to obtain

P
Z 2+ T2si
b2| Tp TeCOSg g 2 2+T2sirtg
La(q Ty Tup: b) = —Q¢ TsvC0Sy T dz
a(G Tovi Topi b) ap ToyCOSY TSZ\,sinzg+ 2

(6)

Now, theintegrandreally depend®n only onephysical parameter
TsySing, baginningto make the computatiortractable.

It is possibleto further simplify equation6, asdescribedn ap-
pendixA. To encapsulat¢he dependencen the physical parame-
tersof the problem,we de ne thefollowing two auxiliary expres-
sions,correspondingespectiely to thenormalizationtermoutside
the integrand,and the single physical parametein the integrand,

0.3
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Figure6: Accuracyof theairlight model.Theplotsshowtheerror (versus
numericallyintegrating equation5) as a function of the resolutionfor the
2D tablesfor F(u; V). We reportthefractionalerror, normalizingby the to-
tal airlight over the hemisphez. Theerror for eat resolutionis avetaged
over40000parametervaluesof b, Dsy, Dyp andg. Bilinear (red)andnear
estneighbor(green)interpolationis usedto interpolateF (u; V) at non-grid
locationsof theindices(u; V). Theplotsclearly indicatethe high accuracy
of our compactformula,andthata 64 64 table for F(u;v) sufces for a
maximunerror of lessthan2%.
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Figure7: Comparisorof the airlight modelwith a standad MonteCarlo

simulationthat includesmultiple scattering The plots showthe relative
RMSerror betweerthe two methodgor the caseof isotropic phasefunc-
tion. [Left] Thelow RMSerrors showthat our modelis physicallyaccurate
(lessthan 4% error) for optically thin media(Tsy  2). [Right] Fromthis
plot, it is evidentthat multiple scatteringbecomesnore importantas op-

tical thicknessincreases.However, the actual errors grow slowly and are

still low for a wide range of optical thicknesse$Ts, < 10). It is alsointer-

estingto notethat for very high optical thicknessegTs, > 20), attenuation
dominatesver scatteringandonceagain the RMSerrors decease

TsySINg:
b2|oe TsvCOSg
Ap(Tsvi g b) = “2pTosing 7)
A(Tsg) = Tasing. (8)

It is thenpossibleto derive, asshavn in appendixA, that

p Tsvcosg

Zp,1 Ty,
&+ 3 arctan-5_St

La= Ay(Tsv; G; b) 2 exp[ A;(Tsv; @) tanx]dx:

C))

Although equation9 might seemcomplicated,it is really in a

simpli ed form. We alreadyhave simpleanalyticexpressionsfor

A, andA,. Furthey thefunctionA,; is a numericalconstantasfar
astheintegrationis concerned.

STEP 2. Evaluating the integral using a special function:
To encapsulatéhe key conceptsn theintegrandof equation9, we
de ne thespecialfunction,

ZV
F(uv) = o exp[ utanx]dx: (20)



Figure8: Theimagesshowglowsaroundthreeidentical pointlight sources(streetlamps)at differentdistancedromthe viewer Fromleft to right, we show
three different valuesof the scatteringcoefcient b (b = 0;0:01;0:04). Larger valuesof b correspondo larger optical thicknesseds,. We clearly seethe
effectof greaterglowsfor larger b. Also,theradiancefromfarther light sourcesis attenuatednore in ead individual image, resultingin smallerglowsfor
thefartherlights. In the fourth (rightmost)image, we showa differentview with b = 0:04, wheee all thelight soulcesare approximatelyequidistantwith the
resultthatthey havesimilar glows. (Theshadingon the surfacess computedisingthe surfaceradiancemodelin section4.)

Unfortunately there exists no simple analytic expression for
F(u;v). However, the functionis a well behaed 2D function as
shavn in gure 5. Therefore,we cansimply storeit numerically
asa 2D table. This is really no differentfrom de ning functions
like sinesandcosinesn termsof lookuptables.In practice we will
usetexture mappingin graphicshardwareto accesghis 2D table.
Notethat F(u;V) is purely numerical(independenbf the physical
parametersf the problem),andthusneeddo be precomputeanly
once.
Finally, we canobtainfor La(g; Tsy; Tup; b),
h p

i
La= Ay F(Al;z+ %arcta

Tvp TSVCOSQ) F(Al;g); (11)

TsySiNg

wherewe have omittedtheparameteror La, Ay andA, for brevity.
In the importantspecialcaseof Typ = ¥, correspondingo no
objectsalongtheviewing ray, we getLa(g; Tsy, ¥ ; b) as
h p g i
La= Ao(Tsv;g:b) F(Al(Tsv; 9); E) F(Al(Tsv; 9); E) (12

In summary, we have reducedthe computation of a seemingly
complex single scattering integral in equation 5 into a com-
bination of an analytic function computation that dependson
the physical parameters of the problem and a lookup of a pre-
computed 2D smoothfunction that is independentof the phys-
ical parametersof the problem. In therestof the paper we will
demonstratseveral extensionsaandapplicationsof our model.

3.3 Accuracy of the Airlight Model

We rst investigatetheaccurayg of ouranalyticmodelascompared
to numericallyintegratingequations. Figure6 shaws plots of the
meanerrorin Ly asafunctionof theresolutionof the2D numerical
tablefor the specialfunction F(u;v). We useinterpolationto eval-
uateF (u;v) atnon-gridlocationsfor theindices(u;Vv) (bilinearand
nearesteighborinterpolationsare shavn in gure 6). For each
resolution,the error computeds averagedover 40000setsof pa-
rametewaluesfor b, Dsy, Dyp, g. Theerrorbarsin the gure shav
the standarddeviation of the errors. The plotsindicatethatevena
low resolution64 64 tablesufces to computeF (u; v) accurately
with a maximumerror of lessthan2%. As expected bilinearin-
terpolationperformsbetter but, for fasterrendering,one canuse
nearesheighborinterpolationwith only asmalllossin accurag.
We alsovalidatetheaccuray of thesinglescatteringassumption
in our airlight model. Figure7 shaws the relatve RMS errorsbe-
tweenglows aroundlight sourcesomputedusingour modelanda
standardvolumetricMonte Carlo approachthattakesinto account
multiple scatteringaswell. The Monte Carlo simulationtook ap-
proximatelytwo hoursto computeeachglow, whereasour explicit
modelrunsin real-time.Thecomparisorwasconductedor optical
thicknessesver awide rangeTsy, 2 (0:25;25) and Ty, 2 (0:5;50),
which coversalmostall real situations.As expectecﬁfor optically
thin media(Tsy  2), ourmodelis very accurat€lessthan4%rela-
tive RMS error). Interestingly evenfor greateropticalthicknesses
(Tsy> 2), theerroronly increaseslowly. Thus,our singlescatter
ing modelmaybeusedasa viableapproximatiorfor mostcommon

real-timerenderingscenariossuchasgames.

3.4 Visual E ects of the Airlight Mo del

The dependencef the modelon the viewing direction g andthe

distanceof the sourcefrom theobsenrer Dy, predictsvisualeffects
like the glows aroundlight sourcesand the fading of distantob-

jects. As discussedibove, theseeffectsare physically accurateor

thin fog (low b andT), andqualitatvely reasonablén othercases.
In gure 8, we alsoseehow theseglows changeasa function of

the mediumproperties(the scatteringcoefcient b) anddistance
to the sources.As b increaseswe gofromnoglow (b = T = 0)

to a signi cant glow dueto scattering. The differencesin the 3

light sourceshouldalsobeobsered. Thefartherlights areattenu-
atedmore,andwe perceve this effectin theform of reducedylows

aroundmoredistantsourcesThe nal (rightmost)imagein gure 8

shavsadifferentviewpoint,wherethesourcesreatapproximately
thesamedistanceandthe glows therefordook the same.

4 The Surface Radiance Mo del

In this section,we discussthe effects of airlight on the outgoing
surfaceradiance. Considerthe illustration in gure 9, wherean
isotropicpoint light sourcesilluminatesa surfacepoint p. We will
calculatethere ectedradianceat the surface.To gettheactualap-
pearancattheviewer, we needto attenuatéy exp[ Typ] asusual,
whereT,p is theopticalthicknessetweerviewerandsurfacepoint.
There ected radiancel p is the sumof contritutions, L ., and

Lp.a, dueto direct transmissiorfrom the source,and single scat-
teredairlight from the sourcerespectiely,

Lp = Lp,d + Lp;a: (13)

The directtransmissiorcorrespondso the standardsurfacere-
ectanceequationpnly with anattenuatiorof exp[ Tsp] addedbe-
causeof themedium whereTsy is theopticalthickness%etweerthe
sourceandthesurfacepoint:

T
Log= loe =
p; Dgp

fr(Gs: fs; Qu; fv) COSGs; (14)

where f; is the BRDF, (gs; fs) is the directionto the source,and
thereforealsotheincidentdirection,and(qy; fv) is the viewing di-
rection.All anglesaremeasuredavith respecto thesurfacenormal,
in thelocal coordinaterameof the surface.

4.1 The Surface Radiance Integral

Ontheotherhand,the single-scatteredadiancel ;5 is morecom-
plicated,involving anintegral of theairlight (L5 from equation1?2)
over all incidentdirections,

z
Lpa=  La(dgs W) Tepi¥:b) fr(aq; f5 vi fv) cosg dw; - (15)
WZ

p
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Dvp Point, p
Figure9: Diagramshowinghow light travelsfroma point light source to
a surfacepointandgetsre ectedtowardstheviewer by the surfacepoint.

Considerthe parametersf Ly in the integrandof the above equa-
tion. Theangleg®in this casds theangle® betweertheincidentdi-
rectionw; andthe sourcedirection(gs; fs). Notethatfor isotropic
BRDFs,we canalwaysrotatethe coordinatesystemsofs = 0, al-
lowing usto write g¥gs; w). Finally, L, alsodepend®ntheoptical
thicknesshetweerthe sourceandthe surfacepoint Ty, (insteadof
betweersourceandviewerin equationl2).

We referto equationl5 asthe surfaceradiancesingle scatter
ing integral, analogougo the airlight single scatteringintegral in
equationb, andnext focuson deriving anexplicit compactorm.

4.2 Solution to the Surface Radiance Integral for
Lambertian and Phong BRDFs

First considerthe Lambertiancase,so the BRDF is a constant.
Theintegral will thendependonly onthe parametersf L, i.e. g,
Tsp andb. Of these the dependengon b is primarily a normal-
ization factorand doesnot affect the integrand. The angleg®is a
function of the sourcedirectiongs, andtheintegrationvariablew;.
Hence,the integranddependson only two physical variables,Tsp
andgs. Thus,asin the previous section,we cande ne a special
two-dimensionahumericalfunction Gy(Tsp; gs).

For thePhongBRDF, we employ thereparameterizatiomethod
in [RamamoorthandHanrahar?002], measuringanglesfrom the
re ection of theviewing directionaboutthe surfacenormal,rather
thanthe suriacenormalitself. To indicatethis, we denoteby g
the anglethe sourcemakeswith respecto this re ected direction.
Upon makingthis transformationjt canbe showvn thatthe Phong
BRDF is mathematicallyanalogougo the Lambertiancase.To al-
low for the Phongexponentn, we de ne the2D functionGy, instead
of G,. Thesefunctionsarewell-de ned andsmoothasshavn by
the p(iotsin gure 10. The detailsof thesecalculationsarein ap-
pendixB, andtheformulafor G, is

z e Tepcosg®h i Q
—_— CO 1 dW,
w, sng ) s

whereg?andA, (Tsp; ) arefunctionsof g2andw;, i.e. g g wy).
The nal shadingformula, consideringooth directtransmission
andsinglescatterings thengivenby (derivationin appendixB):

¢

Gn(Topi a9 = F(As ) F(AGS

h, T N
e = Gy(Tsp: Gs)
Lp= lgky —5—cosgs+ b?2—C P50 4 17
p=loKy Dz, SQs 2nTop (17)
h, ™. g9
e T Gn(Tsp; g9
lke —— cod' g0+ p2 2N sp s/ . 18
oKs DZ, COs'Gs 2pTep (18)

As in the airlight modelderviation,we have reducedhe computa-
tion of surfaceradiancedueto single scatteringto a few analytic
functionevaluationsandafew 2D tablelookups.

3We usethe prime on ¢° to make a technicaldistinctionfrom the angle
g betweerthe sourceandviewer usedin the previous section. An explicit
trigonometricformulafor ¢Pis givenin appendixB.
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Figure 10: 3D plots of functionsG, and G, for n= 20 in the range of

0 Tgp 10and0 gs g. Theplotsshowthat both functionsare well-

de ned and smoothand can therefore be precomputedas 2D tables. The

functionsread their peakvaluesfor gs = Tsp = O, decayingwith increases
in bothparametes. Thedecayis fasterfor the peakierG,, ontheright.

(@ (b) (c)
Figurel11: In uence of scatteringon Lambertiansurfaceradiance In the
foggy image (b), createdusingour surfaceradiancemodel,we seea dim-
ming dueto attenuationand diffusing of shading(note the brighteningof
darker areascompaedto thecleardayimagein (a)). Theseeffectsare per
hapsmore appaentin (c), where wealsoincludeairlight fromthesource

(@ (b) (c)
Figure12: In uence of scatteringon specularsurfaceradiance(top row
hasPhongexponentl0, bottomhasPhongexponent20). In the foggy im-
ages(b), weseea dimminganddiffusingof thespeculamighlight compaed
to theclear-dayimagein (a). Notealsothe overall lossin color saturation
and contrast, especiallyin (c). Theseare importantvisual effects,usually
missingin previousinteractivetedniques.

4.3 Visual E ects of the Surface Radiance Mo del

To illustratethe differentqualitative effectswe seeon surfacesdue
to scatteringwe renderedgspheresvith Lambertian( gure 11) and
PhongBRDFs ( gure 12) using our modelabove. The columns
arefrom left to right (a) no scattering(b) the effectsof scattering
on surfaceshadingand(c) combiningthis with the airlight effects
directly from the source. For the Lambertianspherein gure 11,

we seea dimmingdueto attenuatiorof light throughthe scattering
medium,andthe diffusing of shadingleadingto a brighteningof

darker shadav regions. In thespeculaicasewe seeadimmingand
diffusing out of the speculahighlight dueto scatteringcombined
with an overall reductionin color saturationand contrast. These
areimportantqualitatve shadingeffectsthataddto the realismof

sceneappearancin scatteringnedia.



frag2appfmain(

oat4 objPos: TEXCOORD3, /I 2D texture coords
uniform samplerRECTF,
uniform samplerRECTG,,
uniform samplerRECTG,)

/I 2D specialfunctions

frag2appOUT; /I outputradiance

/I Setup andcalculateTsy, g, Dsy, Tvp, gs and qs0

[rrsxxriik - Compute L, from equation 11 ***+xx/
Ag= (b 1y exp[ Tsy cosg)=(2p Dsy sing);// equation?
A, = Tg sing /I equation8
v= p=4+ (1=2)arctar{(Typ Tsv cosg)=(Tsy sing)];

/I v is oneof texture coords
f, = texRECT (F; float2(A;;v)); /I 2D texturelookup
f, = texRECT (F; float2(A;; g=2));

airlight = A, (f; f,); I/l equationl1

[rrxerx Diffuse surfaceradiance from equation 17 ***++x/
dy=ky exp[ Tsp] cosgs 1y=(Dsp Dsp);

d,=(ky lg b b)=(2p Ts) texRECT(Gy; float2(Tsp;as));
dif fuse= d, + d,;

[k Specularsurfaceradiance from equation 18 ****+x/
8= ks expl Top] cog'qd 1,:=(Dsp Dsp);

s,=(ks lg b b)=(2p Tep) texRECT(Gp; float2(Tsp; g9);
specubr = s, + s,;

[rrxkikek Einal Color (equation 19) **x++*/
OUT:color = airlight + (dif fuset+ speculr) exp[ Typl;
return OUT,;

g

Figure 13: Pseudocodéor the Cg fragmentshaderthat implementsour
combinednodelfor airlight andsurfaceradiance

5 The Complete Model and its Hardware
Implementation

While the mathematicalderivationsin the previous two sections
are somevhat involved, the actualimplementationis straightfor
ward. Ourmodelprovidesanexplicit form thatcanbeeasilyimple-
mentedn modernprogrammablgraphicshardware. This requires
minimal changego boththe original renderingcodeandscenede-
scription,andcanthereforebe easilyintegratedinto otherexisting
real-timerenderingnethodsIndeedtheusemeedonly specifythe
coefcient b of the medium,asin standardOpenGLfog, anduse
theshadercorrespondingo our model(pseudocodesin gure 13).
To computethe nal appearanceye sumup the attenuatede-
ected radiancerom the surfaceandtheairlight from the source,

L=e ™Lp+ Ly (19)

La is theairlight andis given by equationll. L is the exitant ra-
dianceatthe surfaceandis givenby equationsl 7 and18. We only
needto compute a few simple analytic terms and do 4 texture
lookupsfor eachvertex or pixel, two for specialfunction F, and
one eachfor G, and G, (thesetexture lookupscorrespondo the
texRECT function call in the pseudocod@f gure 13). Clearly
thesecomputationsan be doneby modernprogramablegraphics
cardsinteractvely in asinglerenderingpass.

In practice,we implementthe modelusing Cg in the fragment
shadeof anNVidia Geforce6800graphicscard. The specialfunc-
tionsF, G, andG,, areprecomputecéndtatulatedas64 64 oat-
ing pointtextures.Sincethesetexturesareprecomputeanly once,
we minimize frequentdatatransferbetweerthe graphicscardand
mainmemory

Therenderingspeeddepend®n a variety of variables andren-
deringtime is linearin the numberof light sources.As shawn in
the video, we are able to achieve real-time rateseven for fairly

comple sceneswith several light sources. As an example, we
renderedthe sceneshavn in gure 1, with 39,999 verticesand
66,454triangles. We simulatedthe scatteringeffectsfrom 4 light
sourcesand achieved about 20 fps using the graphicshardware
mentionedabove. The model for the scenewas obtainedfrom
http://hdri.cgtechniques.com.

6 Complex BRDFs and Lighting

Sofar, we have considerearbitrarily locatedpoint lights, andsim-

pleLambertiarandPhongBRDFs,shaving how anexplicit expres-
sion canbe derived andimplemented.Renderingtime is linearin

the numberof lights. In this section,we shav how theseideascan
beextendedo ef ciently handlecomplex BRDFsandervironment
maplighting usingcorvolution, if we arewilling to make particular
simplifying assumptionsWe rst introducethe notion of a point-
spreadunction (PSF)for theradianceor glow from a point source
dueto singlescattering Thisis similarin spirit to the PSFsderived
by NarasimharandNayar[2003] andPremozeet al. [2004]in the
contet of multiple scatteringfor of ine rendering. We will then
discussa numberof applicationsncluding

RenderingarbitraryBRDFswith pointlight sourcespy con-
volving the BRDF with this PSE asshavn in gure 14. This
approaclkcanbe usedif we arewilling to precomputea tab-
ular BRDF representationnsteadof usinga simple explicit
formula,asfor LambertianrandPhongBRDFs.

Convolving an ervironmentmap with the PSFto ef ciently
handle very complec lighting (with possibly thousandsof
lights, correspondingo the pixels of an environmentmap).
Thiscorvolutionis possiblef we assumeéhatall light sources
areequallyfar away, asin a distantervironmentmap. This
enablesus to obtain the characteristiaqylows and blurriness
aroundlight sourcen foggy days,asshavnin gure 15.

Integrating volumetric scatteringinto precomputedadiance
transfermethodsthatinclude complex lighting, realisticma-
terials,castshadavs andinterre ections( gure 16). Theidea
of convolving with thepoint-spreadunctioncanbeappliedto

almostary techniguethat useservironmentmaps,enabling
ervironmentmappingand precomputedadiancetransferto

beusedin participatingmediafor the rst time.

Throughoutthe section,we apply the signal-processingesultsof
RamamoorthandHanraharf2001] andBasriandJacobg2003]to
efciently computetheconvolutionsin thefrequengy domainusing
sphericaharmonics.

6.1 Airlight Point Spread Function (PSF)

In section3, we determinedhe radiancel a(g; Dsy, Dyp; b) from a
point sourcereachinga viewer, dueto singlescattering.If we x
the distanceto the sourceDs,, the integrating distanceDyp, and
the scatteringcoefcient b of the medium,theradiancebecomes
functiononly of theangleg. We normalizethis functionby I0=D§V
to accounffor theintensityof the source andde ne thePSFas

ngl-(g Dsv; Dyp; b) .

(20)
lo

PSK9)p,pypib =

Sincethe PSFis mostlyappliedfor surfaceshadingwe will gener
ally setDyp = ¥, asin sectiond.

6.2 Empirical PSF factorization for Speedup

The PSF de ned above still dependson the parametersof the
mediumsuchasthe coefcient b. So,changingtheseparameters
changeghe PSFandrequiresusto redoary cornvolutions. How-
ever, we have obsered empirically thatthe PSFabore canbe fac-
toredinto a purely angular componentthat is independent of
the medium parametersand an amplitude componentthat de-
pendson the medium parameters. This factorization enablesus



Figure 14: [Left] A teapotrendeed using the measued blue metallic
BRDF [Right] Theteapotasit appeasin a scatteringmedium.Thebright-
eningof darker regions,and softeningof shading is clearly visible

to changethe medium parametersinteractively without having
to re-computethe PSFor redoany cornvolutions. Speci cally,
F(sing, ) F(sing ¥)
2psing e{cosg 1)
Toe ™ NPSKg); (22)

NPSHK) (21)

PSROp v =

where NPSFhasonly angulardependenceindependentf other
physical parameters.In appendixC, we derive and validate this
approximationshaving plotsthatindicatethereis little noticeable
numericalerror.

6.3 Rendering with arbitrary BRDFs

We canuseconvolution with the PSFto renderwith arbitrarytab-
ulated BRDFs, suchas measurede ectance. For eachoutgoing
direction, we tahulatethe BRDF asa function over the sphereof
incidentdirections.A new effective BRDF canbe obtainedfor that
outgoingdirectionby convolving this functionwith the PSE
Mathematicallywe rst write the (isotropic)BRDF in termsof
sphericaharmoniccoefcients for eachoutgoingangleas

ro9(giigoif) = & rn%(do)Yim(ahi f); (23)
I'm

Whererﬁgg arethe coefcients, andy, , is the sphericaharmonic.
To performthecorvolution[RamamoorthandHanrahar2001],we
multiply the coefcients rﬁn“g of the original BRDF by the corre-

spondingcoefcients of the point-spreadunctiorf* PSF,
r

ref(go) =

4 .
%PSEH‘I’L‘Q(%): 4)

Then,we canusethe effective BRDF to computethere ectedra-
diancedueto airlight, andthe original BRDF for the re ected ra-
diancedueto directtransmission.Thus, standardenderingalgo-
rithmscanbeexecutedwith only slightmodi cation andatvirtually
no additionalcost. Note however, that while our previous formu-
laefor LambertiarandPhongmodelsrequiredno precomputations,
the corvolution approachrequiresprecomputatiorof the spherical
harmoniccoefcients for a collectionof outgoingangles.

Figure 14 shavs imagesrenderedvith the Blue metallicBRDF
measuredy Matusik et al. [2003]. In the left image,we simply
renderatahular descriptionof the BRDF without scattering.n the
right image,we usethe formulaabove to computea new effective
talulatedBRDF, including the effectsof airlight. The brightening
of darler regionsowing to scatterings clearlyvisible ontheright.

6.4 Rendering with Environment Maps

Our point spreadfunction can be applieddirectly to environment
maps,with the effectsof scatteringobtainedby convolving the en-
vironmentmapwith the PSFE To usea single PSFfor all sources,
we mustassumehatthelighting is madeof smallequidistantight

4Sincethe PSFis radially symmetric dependingonly on g, only spheri-
cal harmoniccoefcients with m = 0 arenonzero.

Figure 15: [Top] Grace cathedal ernvironmentmap with no scattering
[Middle] Theenvironmentmapis convolvedwith theairlight singlescatter
ing PSFto createa foggy/mistyappeaance Noticethe glowsaroundthe
light sources,theblurring of the sourcesandthe brighteningof dark areas.
[Bottom] A sceneilluminated by the environmentmap without scattering
(left) andwith scattering(right). Noticethe spreadingof the highlightsand
brighteningof the spheesdueto scattering

sourceq x edDgy). Thisis agoodapproximationvhenthesizeof
the objectsis smallcomparedo thedistanceto the environmen®.

We rst considersimply looking at the environment,wherewe

wouldlik eto seetheglows aroundthebrightlight sourcesto create

theeffectsof foggy or misty appearancelo achieve this effect, we

simply needto cornvolve the environmentmapwith the PSK

r

4p iginal .

Llcr%nlolved - ST+ 1 S:I Llc)r;lglnal_ (25)

Furthermoresimilar to equationl, we cansimply usea combi-

nation of the original attenuatedenvironmentmap Lattenuaed (for
directtransmissionand correspondso L, in equationl) andthe

convolvedversionL¢o™olved ghove (for airlight, andcorrespondso
La in equationl) to computethe surfaceshading,

final  — [ attenuded | covolved (26)

|atenuded  _ |_originale Tsv: (27)

Figurel5shavsresultsobtainedoy corvolving theGraceCathe-
dral environmentmap [Debevec 1998] with the single scattering
PSFE Theblurring of light sourcesandtheoverallincreasen bright-
nessn darkregionscanbeimmediatelyseen Below that,we com-
parethe appearancesf spheresenderedlluminatedby this ervi-
ronmentmapwith andwithout scattering.Notice the spreadingf
highlightsandthe brighteningof the objects.

5Notethatwhile thisassumptioris similarto standardrnvironmentmap-
ping, our PSFrequiresusto specifya nite (but possiblylarge)Dsy.




Figurel6: [Left] A sceneendeedusingprecomputedadiancetransport,to captule thecomple shadowsand specularsurfaceBRDFs.[Middle] Thesame
scenerendeed asthoughit wasimmesedin a scatteringmedium with the observercloseto the object. Noticethe blurring and fogging of the ervironment
in the badkground. In the insets,we seea numberof shadingchanges,sud asthe brighteningof dark regionsin the face becausef the scatteringof light,

theattenuationdueto dimmingand diffusingof specularhighlightson the base and the softeningof shadowsn the plane [Right] Thesamescenencluding
effectsof airlight betweerviewer andobject(asif theviewer were far away seeingthe Buddhathroughfog). Notethelossin contrastand saturation.

6.5 Precomputed Radiance Transfer

Thetraditionalervironmentmaprenderingtechniqueglo not take
shadavs or interre ectionsinto account. Precomputedadiance
transportmethodgSloanet al. 2002] computethe visibility in an
off-line mannerfollowed by interactive rendering.To add partici-
patingmedia,we only needto corvolve thelighting (ervironment
map)with our PSFandusethe resultasinput to the existing pre-
computedradiancetransfertechniques. To demonstratehis, we
usedthe techniqueof [Wanget al. 2004; Liu et al. 2004], which
handlesnon-diffuse objectsunderall-frequeng environmentillu-
minationusinga separablRDF approximation.

We shawv the resultof the Happy Buddhamodelrenderedwith
the Ashikhmin-Shirl¢ BRDF[2000]in gure 16. Theleftimageis
thestandardesultwith noscatteringln themiddleimage we shav
aview of the Buddhawherewe includethe effect of airlight from
the ervironmenton surfaceappearancequt thereis no attenuation
or scatteringpetweertheviewer andobjectitself (asif theobsenrer
werevery closeto the Buddha). We clearly seethe foggy appear
anceof the backgroundandthe glows or airlight dueto the light
sourcesOnthefaceof the Buddhawe seea brighteningof darler
regions,alongwith adimminganddiffusingof speculahighlights.
A similar effectis seernon the basewherethe dimminganddiffus-
ing of highlightsreducessaturatiorandcontrast.Finally, the shad-
ows ontheplaneareblurredout, with a considerablesofteningand
lossof detail. In theright image,thereis alsoscatteringor airlight
betweerthe objectandtheviewer (asif the obsererwerefarawvay
and seeingthe Buddhathroughfog). This leadsto a further loss
of detailandcontrastsothatthe original glossyappearancef the
objectis essentiallylost.

7 Conclusions and Future Work

We have presentec simplemethodto addthe effectsof participat-
ing mediato interactize applications.Our approachcanbe easily
implementedin programmablegraphicshardware and leadsto a
numberof new effectsin the real-timedomain,suchasinteractve
renderingwith glows aroundlight sourcesthe effects of scatter
ing on surfaceshadingervironmentmaps,and precomputedight
transport. The key insightis a new analyticmodelfor integrating
thelight transportequationsassumingsinglescatteringwhich can
alsobe extendedto predictthe impactof scatteringor airlight on

theinherentappearancef surfaces.

More broadly this paperindicatesthe power of using explicit
formulae to simulatedif cult effects like volumetric scattering,
speedingup sucha processby mary ordersof magnitude. We
do sacri ce somegenerality consideringonly isotropicpoint light
sourcessinglescatteringhomogeneousiedia,andexcludingmost
castand volumetric shadaving, but believe this is a worthwhile
tradeof to enablea simpletechniquehatachievesreal-timerates.

Futurework canfollow mary avenues. For instance,we can
attemptto extend our theoreticalmodelto considernon-isotropic
light sourceglik e spotlights)andinhomogeneoumedia. Our pre-
liminary work in this areaindicatesthat someof thesegeneraliza-
tions, while relatively simplein standardsurfacecalculationsare
rathernon-trivial for volumetricmedia. However, we believe that
mary commoncasescan be addressedby extensionsof the basic
methodgroposedn this paper In generalwe believe thatanalytic
modelsof dif cult to simulatevolumetricphenomenarecritical to
achieving ef cient renderingdor real-timeapplications.
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Appendix A:Solution to Airlight Integral Westartthederivation
from equatiorb.
P
Zyp, b DZ+x2 2xDgycosg
L, = DlomPwe? P TIEE L by 28)
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Figurel7: [Left] Plot of P (0)p,, v NOrmalizecby Tove Tsv for differentoptical

thicknesseds, rangingfrom0.1to 3.1. After normalization the PSFdepend®ng and

is largely independentf Tg,. Thisimpliesthatwe canfactorit into a purely angular
componenand an amplitudecomponentlependingon Tg,. [Right] Theaverage and

standad deviation of theabsoluteerror of theempirical PSE Whiletheerror increases
for smalleranglesg, it remainswell below0.05.

——> substituteT = bD andt = bx

P o oo
_ bZIOZTvp e T&H? 2ATgycosg .
= — ———————— e ‘dt (29)
4p o TE+t2 2ATgcosg

——>substitutez=t Ts,cosg

p
b2|oe Tsvcosg Z Tup Tevcosg g 22+ T35t g

= —— ————— e’z 30
4p Tacosg 22+ TZsifg 0
——> substitutez = Tgysingtanh
2 T. z Tvp TsyCosg !
_ b |0e 5vC0Sg arctanw R Tsvsingh sinh dh (31)

4pTeysing ¢ §

——>substituteh = 2x 5

b2|oe TsyCcosg z %+ %arctanLVPTs—Jz%g . )
—_—— exp[ Teysingtanx]dx; (32)
2pTsysing g2

from which we obtainequatior®.

Appendix B: Formula for Lambertian and Phong BRDFs
Here, we derive the expressionfor Lambertianand PhongBRDFs. We
rst considerthe LambertianBRDF, beginning with equation15, Note
thatin the derivation belaw, ¢®is givenfrom trigonometryby g¥ gs; w) =
C0Ssg; Cosgs + sing; singscosf;.

z
Lpa = La(d(Gs; W); Tsp; ¥ b) fr (G 1 Gu; o) cosg dw (33)
Wap
——> substituteequationl 2 for L, anda constank for f;
7 .

h i
= Ao(Tsp;gb) F(Al(Tsp; ﬁ; g) F(Al(Tsp;d:); %J) kd COSqi dWi(34)
Wy,
——> substituteequation? for A, andtake constant®ut of integration
b2|0kd z e Tspcosgoh

2pT. sing®
sp sz
_ bk

= TTsp Go(Tsp: Gs): (35)

9.P o P
F(Al(TSP’ﬁ‘ 2) F(AI(TSlel 2) C05q|dW|

For the PhongBRDF after reparameterizationnsteadof k, cosg;, we will
obtainkscos' g;, wheren is the Phongexponent. This canbe handledex-
actly asabove, simply replacingG, with Gp.

Appendix C:Empirical PSF factorization The empirical PSF
factorizationis inspiredby the obsenation that after beingnormalizedby
Tse %Y, the PSFbecomesssentiallyindependenof the mediumphysical
parametergoptical thickness)andlargely dependson angleg asshown in

gure 17 (left). Thisimplieswe canfactorthe PSFinto a purely angular
componentand an amplitudecomponenthat dependson the mediumpa-
rameters.We de ne the angularcomponentNPSKg) asthe PSF(g)TSV:1

normalizedby Te,e TSV andde ne theamplitudecomponenasthe normal-
ization factor T Tsv. Then, the PSFcan be expressedising thesetwo
termsasin equation22. The absoluteapproximatiorerroris plottedin g-
ure 17 (right) for 11 differentoptical thicknessangingfrom 0.1to 3.1.



