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Abstract

We considerreal-timerenderingof scenesin participatingmedia,
capturingtheeffectsof light scatteringin fog, mistandhaze.While
anumberof sophisticatedapproachesbasedonMonteCarloand�-
niteelementsimulationhavebeendeveloped,thosemethodsdonot
work at interactive rates.Themostcommonreal-timemethodsare
essentiallysimplevariantsof theOpenGLfog model.While easyto
useandspecify, thatmodelexcludesmany importantqualitativeef-
fectslikeglowsaroundlight sources,theimpactof volumetricscat-
teringon theappearanceof surfacessuchasthediffusingof glossy
highlights,andtheappearanceundercomplex lighting suchasen-
vironmentmaps.In thispaper, wepresentanalternativephysically
basedapproachthat capturestheseeffectswhile maintainingreal-
time performanceandthe ease-of-useof the OpenGLfog model.
Our methodis basedon anexplicit analyticintegrationof thesin-
gle scatteringlight transportequationsfor an isotropicpoint light
sourcein ahomogeneousparticipatingmedium.Wecanimplement
themodelin modernprogrammablegraphicshardwareusinga few
small numericallookup tablesstoredastexture maps. Our model
canalsobeeasilyadaptedto generatetheappearancesof materials
with arbitraryBRDFs,environmentmaplighting,andprecomputed
radiancetransfermethods,in the presenceof participatingmedia.
Hence,our techniquescanbewidely usedin real-timerendering.

1 Intro duction

Many real-time renderingapplicationslike gamesor interactive
simulationsseekto incorporateatmosphericeffectssuchasmist,
fog andhaze.Theseparticipatingmedialeadto a numberof quali-
tativeeffectsnotpresentin clear-dayconditions(compare�gure 1a
with our result in �gure 1c). For instance,thereareoften glows
aroundlight sourcesbecauseof scattering.Theshadingon objects
is also softer, with specularhighlights diffusedout, dark regions
brightenedandshadows softer. It is critical to capturetheseeffects
to createrealisticrenderingsof scenesin participatingmedia.

In computergraphics,theapproachesfor capturingtheseeffects
representtwo endsin thespectrumof speedandquality. For high-
qualityrendering,anumberof MonteCarloand�nite elementtech-
niqueshavebeenproposed.Thesemethodscanmodelverygeneral
volumetric phenomenaand scatteringeffects. However, they are
slow, usually taking hoursto rendera single image. Signi�cant
gains in ef�ciency can generallybe obtainedonly by substantial
precomputation,andspecializingto veryspeci�c typesof scenes.

At theotherextreme,perhapsthemostcommonapproachfor in-
teractive renderingis to usetheOpenGLfog model,which simply
blendsthefog color with theobjectcolor, basedon thedistanceof
the viewer (�gure 1b). The fog modelcapturesthe attenuationof
surfaceradiancewith distancein participatingmedia. This model
is alsopopularbecauseof its simplicity—implementationrequires
almostno modi�cation to thescenedescription,andtheuserneed
only specifyoneparameter, b , correspondingto thescatteringco-
ef�cient of themedium(densityof fog). However, many qualitative
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(a)Clearday

(b) OpenGLfog

(c) Ourmodel

Figure1: Renderedimagesof a scenewith 66,454texture-mappedtrian-
glesand 4 point lights. Theinsetsshowan image for anotherview of the
vase, with highlightsfromall 4 sources,to amplifyshadingdifferences.(a)
Standard OpenGLrendering(withoutfog), (b) OpenGLfog which captures
attenuationwith distanceandblendingwith fog color, and(c) Our real-time
model,that includestheglowsaroundlight sources,andchangesto surface
shadingsuch as dimmingof diffuseradiance(�oor andwall), brightening
of dark regions(back sideof pillars andvases)anddimminganddiffusing
of specularhighlights(inset).All thevisualeffectsin thiscomplex sceneare
renderedbyour methodat about20 framespersecond.
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Figure2: Diagramsshowingthreecasesof howlight travelsto theviewer throughtheparticipatingmedium.In (a) light travelsin a straight line anddirectly
reachesthesurfaceandtheviewer. This is essentiallywhatpreviousinteractivemodelssuch asOpenGLfog compute. In (b), in additionto whathappensin
(a), airlight scatters to theviewer andproduceseffectslike glowsaroundthe light source. In (c), in additionto whathappensin (b), airlight alsoscatters to
thesurfaceandgetsre�ected,leadingto effectssuch asthediffusingout of specularhighlightsandbrighteningof darker regions.In image (d), re�ectedrays
fromthesurfacealsoscatterto theviewer.

effectsaremissing,suchastheglows aroundlight sources,theef-
fect of scatteringon objectshading,andthe ability to incorporate
complex lighting effectslikeenvironmentmaps.

In this paper, we take a signi�cant steptowardsimproving the
realismof renderedimageswith participatingmedia(�gure 1c),
while maintainingthe real-timeperformanceand easeof useof
theOpenGLfog model. Our modelcanbe implementedasa sim-
ple vertex or pixel shader(pseudocodein �gure 13), allowing it to
beeasilyaddedto almostany interactive application.Themethod
canalsobe appliedwith complex lighting, allowing environment
mappingandprecomputedradiancetransferto beusedinteractively
with participatingmediafor the�rst time (�gures 15and16).

Figure 2 illustratesthree importantvisual effects due to light
transportin scatteringmedia. In this discussion,and this paper,
we assumesingle scattering(i.e. that light scattersat most once
in the medium),which is a commonapproximationin volumetric
scatteringandcanbeshown to beaccuratein many commonsitua-
tionssuchasthin fog. Figure2acorrespondsto directtransmission
of light from the sourceor surfacesto the viewer. We can sim-
ply attenuatethe clear-day radiancevaluesbasedon the distance
(optical thickness). This simple approachis essentiallywhat in-
teractive modelslike OpenGLfog implement. Figure2b also in-
cludesthe glows aroundlight sources,commonly referredto as
airlight [Koschmeider1924]. Glows occurbecauselight reaches
the viewer from differentdirectionsdueto scatteringin the atmo-
sphere.Figure2c further includestheeffect of airlight on theout-
goingsurfaceradiance, leadingto effectssuchasthespreadingout
of specularhighlightsandsofteningof shadows. Theseareimpor-
tanteffects,usuallyneglectedin previousinteractive methods.Our
modelrendersall of theeffectsin �gure 2c in real-time.

Figure2dillustratesthecasewherethesurfaceradianceis single
scatteredin additionto beingattenuated,beforereachingtheview
point. On onehand,theattenuationdecreasesthebrightnessof the
radianceat thesurfaceaccordingto thedistanceof thesurfacefrom
theviewer. On theotherhand,thesinglescatteringresultsin slight
brighteningandblurringof thissurfaceradiance.Implementingthe
lattereffect requiresa depth-dependentconvolution. In this paper,
we will only considerattenuationof surfaceradiance,andwe will
setasideamorethoroughinvestigationof thelattereffect for future
work1. Thespeci�c technicalcontributionsof thispaperare:

Explicit Compact Formula for Single Scattering: The
commonapproachto usingsinglescatteringis to numericallyin-
tegratebrightnesscontributionswhile marchingalongtheviewing
ray. However, thisapproachis tooslow for interactiveapplications,
which requireanexplicit formulasuchastheOpenGLfog model.
Oneof themaincontributionsof this paperis thederivationof an
explicit compactformulafor thesinglescatteringfrom anisotropic
point sourcein a homogeneousparticipatingmedium,by analyti-
cally integratingthesinglescatteringequations.Thisairlight model
(section3) allows usto simulateeffectslike theglows aroundlight
sources(�gure 2b). We canalsousethemodelto calculatetheef-
fectsof scatteringonthesurfaceshading(�gure 2c). Thesecalcula-
tionsareveryexpensiveevenfor numericalintegration,becausewe

1Singlescatteringfrom differentsurfacepointsin thescenecanpartially
compensatefor thelossof brightnessdueto attenuation.Neglectingthiscan
produceconsistentlydarker images,especiallyfor indoorscenes.

mustconsiderincidentairlight from theentirevisible hemisphere.
However, they canbedirectly implementedusingour explicit sur-
faceradiancemodel(section4).

Implementation on Programmable Graphics Hardware:
We speculatethat an explicit formula for the singlescatteringin-
tegralshaspreviously not beenderivedbecauseof thecomplexity
of the calculationsinvolved. In this paper, we reducethesedif-
�cult integralsto a combinationof analyticfunctionsthat depend
only on thephysicalparametersof theproblem,anda few lookups
of tabulated2D functions,that have no simpleanalytic form, but
aresmoothandpurelynumerical—independentof thephysicalpa-
rameters.Thenumericalfunctionscanbeprecomputedandstored
as2D texturemaps,andtheentireanalyticcomputationandtable
lookupscanbe implementedin simplepixel or vertex shadersin
modernprogrammablegraphicshardware(section5).

Extensions to Complex Lighting and BRDFs: It is also
possibleto extendour airlight andsurfaceradiancemodelsto in-
corporatemorecomplex illumination modelsandmaterialproper-
ties(section6). Mathematically, we derive a point-spreadfunction
(PSF)to representthe glow arounda light source. We can con-
volve an environmentmapwith this PSFto get the appearanceof
a foggy sceneundernaturallighting. We canalsousea frequency
domainsphericalharmonicrepresentationto enablerenderingwith
arbitraryBRDFs,andaddin shadowsandinterre�ectionswith pre-
computedradiancetransfermethods.This approachenablesmeth-
odssuchasenvironmentmappingandprecomputedradiancetrans-
fer to beusedwith volumetricscatteringeffectsfor the�rst time.

Our goal is to achieve interactive renderingof participating
media. To enablethis, and derive an explicit compactexpres-
sion that can be implementedin real-time, we make a number
of assumptions—isotropicpoint light sources,homogeneousme-
dia, thesinglescatteringapproximation,andno castor volumetric
shadows(shadowscan,however, beaddedusingprecomputedlight
transportmethods). More complex andgeneralscatteringeffects
arecertainlydesirablein many situations,but arenot possibleto
obtainat real-timeratesfor generalscenes.On theotherhand,our
methodcapturesmostof the importantvisualeffectsof scattering,
while beingverysimpleto addto any interactiveapplication.

2 Related Work

Theliteratureon simulatingvolumetriceffectsis large,goingback
to [Blinn 1982],andwe only discussimportantrepresentative pa-
pers. Most techniquesarebasedon numericalor analyticapprox-
imationsto the radiative transferequation[Chandrasekhar1960].
MonteCarloray tracingmethodswereadaptedby computergraph-
ics researchersto renderimpressiveeffectsincludingmultiplescat-
teringandnon-homogeneousmedia[Kajiya andHerzen1984;Max
1994;Jensen2001].However, suchmethodscantakehoursto ren-
dera singleimage.To speedup rendering,numericalmethodsthat
only simulatesinglescatteringhave alsobeenproposed[Pattanaik
and Mudur 1993; Nakamaeet al. 1990; Sakas1990; Rushmeier
andTorrance1987].However, they still requiresigni�cant running
times,andarenot suitablefor interactiveapplications.



Hardware-accelerated numerical metho ds: A numberof
recenthardware-acceleratedtechniquescansigni�cantly decrease
therunningtimesof numericalsimulations,althoughthey arestill
usuallynot fastenoughfor many interactive applicationssuchas
games.Dobashiet al. [2002] describea multi-passrenderingtech-
nique that numerically integratesthe single scatteringequations,
usinggraphicshardwareto accumulatethe resultsat a numberof
planesin the scene,similar to volumerendering.Harris andLas-
tra [2001] rendercloudsby includinga forwardscatteringterm in
additionto singlescattering.Note that their methodis gearedto-
ward the casewhen the viewer is far from the clouds,and they
apply a differentandslower approachwhenthe viewer andscene
areimmersedinsidethemedium,asis thescenarioin ourwork.

Thesemethodsareintendedto applyto speci�c phenomenalike
the sky or clouds[Dobashiet al. 2002; Riley et al. 2004; Harris
andLastra2001].Thisallowsthemto makeuseof complex tabular
volumespeci�cations,precomputedlighting solutionsor multipass
renderingtechniquesto produceeffectsincluding inhomogeneous
mediaand simple heuristicsfor multiple scattering. They allow
for viewpoint, andin a few casesinteractive lighting variation,but
usually�x themediumpropertiesandscenespeci�cation.

In contrast,our technique,while focusingon homogeneousme-
diaandsinglescattering,canbeencapsulatedin asimpleshaderfor
generalscenes,andallows for real time variationof theviewpoint,
lighting,scatteringpropertiesof themedium,andevenscenegeom-
etry andre�ectance.Anothermajorbene�t of our methodis that it
addressesthe effects of scatteringon surfaceshading(�gure 2c)
andcomplex lighting like environmentmaps.Theseeffectsarenot
includedin previousmethodsbecausethey aredif�cult to numeri-
cally simulateef�ciently , requiringan integrationover all incident
scatteredlighting directionsateachsurfacepoint.
Analytically basedmetho ds: Thediffusionapproximationfor
optically thick mediawas appliedto subsurfacescattering[Stam
1995;Jensenetal. 2001].An analyticform for thesinglescattering
termwasalsoderivedby HanrahanandKrueger[1993]. However,
the problemwe aresolving is very different from that of subsur-
facescattering,wherethe light sourcesandviewer areoutsidethe
medium. In our case,both the sourcesandviewer are immersed
inside the medium. Also, unlike in the caseof diffusion, we are
interestedin stronglydirectionaleffectslikeglowsaroundsources.

Analytic expressionsfor airlight with directionallight sources,
basedonthederivationby Koschmeider[1924],areusedfrequently
for renderingskies[Preethamet al. 1999;Hoffman andPreetham
2003;NarasimhanandNayar2002]. However, our focusis differ-
ent. We wish to derive an analyticmodelwith “near-�eld” point
sources,which is asigni�cantly morecomplex lighting situationas
comparedto distantlighting (collimatedbeams).

Analytic expressionsfor the glows aroundpoint light sources
inside homogeneousmediahave also beenderived [Max. 1986;
Biri et al. 2004; NarasimhanandNayar2003]. Therefore,those
methodscould be usedto renderglows in real time. However, it
is not clearhow to extendthemto a completereal-timerendering
systemthatalsoconsiderstheeffectsof airlight onsurfaceshading,
or handlescomplex environmentmaplighting. Furthermore,their
derivationsinvolve approximationsthat arenot feasiblein several
commonrenderingscenarios.For instance,the modelderived by
Max [1986]doesnottakeintoaccountattenuation.Biri etal. [2004]
usea polynomialapproximationto singlescatteringwhich results
in inaccurateglows alongviewing directionsnearthesource.The
multiple scatteringmodel in [NarasimhanandNayar2003] is not
strictly valid when objectsare presentin the medium,especially
nearthesources(asisgenerallytruein mostcommonscenes),or for
optically thin media. Further, the integrationrequiredfor surface
radiancecannotbecomputedanalyticallyor simulatednumerically
at interactive rates.

3 The Airlight Mo del
In this section,we will derive anexplicit modelfor thesinglescat-
teredradianceat a viewer, due to an isotropicpoint light source,
assumingthatboththeviewerandthesourceareimmersedin aho-
mogeneousscatteringmedium.Considerthescenarioillustratedin

s;v; p Subscriptsfor Source,Viewer, surfacePoint
g Anglebetweenlight sourceandviewing ray
Dsv Distancebetweensourceandviewer
Dvp Distancebetweenviewerandclosestsurfacepoint
Dsp Distancebetweensourceandsurfacepoint
Tsv Opticalthicknessbetweensource,viewer (bDsv)
Tvp Opticalthicknessbetweenviewer, surfacepoint (bDvp)
Tsp Opticalthicknessbetweensource,surfacepoint (bDsp)
b Scatteringcoef�cient of theparticipatingmedium
a Angleof scattering
x Distancealongtheray from viewer (integrationvariable)
d Distanceof singlescatteringfrom light source
I0 Radiantintensityof point light source
fr BRDFof surface

Figure3: Notationusedin our derivations.

Point Source, s

D

D

vp

sv

ã x

d

á

Viewer, v

Surface
Point, p

Figure4: Diagramshowinghowlight is scatteredonceandtravelsfroma
point light sourceto theviewer.

�gure 4 (the notationsusedare indicatedin �gure 3). The point
light sourcehasa radiantintensityI0 andis at a distanceDsv from
theview point, makinganangleg with theviewing direction.The
radiance,L, is composedof the direct transmission,Ld, and the
singlescatteredradianceor airlight, La,

L = Ld + La: (1)

The direct term Ld simply attenuatesthe incidentradiancefrom a
point source(I0=D2

sv) by an exponentialcorrespondingto the dis-
tancebetweensourceandviewer, andthescatteringcoef�cient 2 b,

Ld(g;Dsv;b ) =
I0

D2
sv

e� bDsv � d(g); (2)

wherethe deltafunction indicatesthat for direct transmission,we
receive radianceonly from thedirectionof thesource(noglows).

3.1 The Airlight Integral

We focusmostof our attentionon theairlight La. Thestandardex-
pression[Nishita andNakamae1987]is givenby anintegral along
theviewing direction,

La(g;Dsv;Dvp;b ) =
Z Dvp

0
bk(a ) �

I0 � e� bd

d2 � e� bxdx; (3)

whereDvp is the distanceto the closestsurfacepoint along the
viewing ray or in�nity if thereareno objectsin thatdirection,and
k(a ) is the particle phasefunction. The exponentialattenuation
correspondsto thetotalpathlengthtraveled,d+ x. Thetwo param-
etersd andanglea in theintegranddependonx. In particular, d is

2Whenthereis light absorptionin additionto scattering,b is calledthe
extinction coef�cient andis givenby thesumof thescatteringandabsorp-
tion coef�cients. In thispaper, wesimply referto b asthescatteringcoef�-
cient,andit is straightforwardto includeabsorptionin ourmodels.
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Figure5: 3D plot of specialfunctionF(u;v) in therangeof 0 � u � 10and
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2 . Theplot showsthatthefunctionis well-behavedandsmoothand
canthereforebeprecomputedasa 2D table. Asexpectedfromthede�nition
in equation10, the functiondecreasesas u increases,and increasesas v
increases.Themaximumvaluein the plot above therefore occurs at (u =
0;v= p

2 ). Alsonotefromequation10,that for u = 0, there is noattenuation
sothefunctionis linear in v.

givenby thecosineruleas

d =
q

D2
sv+ x2 � 2xDsvcosg: (4)

Let us now substituteequation4 into equation3. For now, we
also assumethe phasefunction k(a ) is isotropic and normalized
to 1=4p (our approachcanalsobe generalizedto arbitraryphase
functions—seeappendixD onCDROM). In thiscase,

La(g;Dsv;Dvp;b ) =
bI0
4p

Z Dvp

0

e� b
p

D2
sv+ x2� 2xDsvcosg

D2
sv+ x2 � 2xDsvcosg

� e� bxdx:

(5)
We refer to this equationasthe airlight singlescatteringintegral
andnext focusonsimplifying it furtherto deriveanexplicit form.

3.2 Solution to the Airlight Integral

We take a hybrid approachto solve equation5. The key result is
thatthis integralcanbefactorizedinto two expressions—(a)anan-
alytic expressionthat dependson the physical parametersof the
sceneand(b)atwo-dimensionalnumericallytabulatedfunctionthat
is independentof thephysicalparameters.Essentially, this factor-
izationenablesusto evaluatetheintegral in equation5 analytically.
A high-level sketchof the derivation is given below anddetailed
simpli�cations areincludedin appendixA.

STEP 1. Reducing the dimensions of the integral: Since
the integral in equation5 dependson 4 parameters,our �rst step
is to apply a seriesof substitutionsthat reducethe dependency of
the integrandto only one parameter. For this, we �rst write the
expressionsin termsof optical thicknessesT� = bD� andt = bx.
In mostcases,this eliminatesthe separatedependenceon both b
and the distanceparameters,somewhat reducingthe complexity,
andgiving usa simplerintuition regardingtheexpression's behav-
ior. Then,we combinethedependenceon Tsv andg by makingthe
substitutionz= t � Tsvcosg, to obtain

La(g;Tsv;Tvp;b ) =
b2I0
4p

e� Tsvcosg
Z Tvp� Tsvcosg

� Tsvcosg

e� z�
p

z2+ T2
svsin2 g

T2
svsin2 g+ z2

dz:

(6)
Now, the integrandreally dependson only onephysicalparameter
Tsvsing, beginningto make thecomputationtractable.

It is possibleto furthersimplify equation6, asdescribedin ap-
pendixA. To encapsulatethedependenceon thephysicalparame-
tersof theproblem,we de�ne the following two auxiliary expres-
sions,correspondingrespectively to thenormalizationtermoutside
the integrand,andthe singlephysical parameterin the integrand,
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Figure6: Accuracyof theairlight model.Theplotsshowtheerror (versus
numericallyintegrating equation5) as a functionof the resolutionfor the
2D tablesfor F(u;v). We reportthefractionalerror, normalizingby theto-
tal airlight over thehemisphere. Theerror for each resolutionis averaged
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estneighbor(green)interpolationis usedto interpolateF(u;v) at non-grid
locationsof theindices(u;v). Theplotsclearly indicatethehigh accuracy
of our compactformula,and that a 64� 64 table for F(u;v) suf�ces for a
maximumerror of lessthan2%.
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Figure7: Comparisonof theairlight modelwith a standard MonteCarlo
simulationthat includesmultiple scattering. The plots showthe relative
RMSerror betweenthe two methodsfor the caseof isotropic phasefunc-
tion. [Left] Thelow RMSerrorsshowthatour modelis physicallyaccurate
(lessthan 4% error) for optically thin media(Tsv � 2). [Right] From this
plot, it is evident that multiple scatteringbecomesmore importantas op-
tical thicknessincreases.However, the actual errors grow slowly and are
still low for a widerange of optical thicknesses(Tsv < 10). It is also inter-
estingto notethat for veryhigh optical thicknesses(Tsv > 20), attenuation
dominatesoverscatteringandonceagain theRMSerrors decrease.

Tsvsing:

A0(Tsv;g;b) =
b2I0e� Tsvcosg

2pTsvsing
(7)

A1(Tsv;g) = Tsvsing: (8)

It is thenpossibleto derive,asshown in appendixA, that

La = A0(Tsv;g;b)
Z p

4 + 1
2 arctan

Tvp� Tsvcosg
Tsvsing

g=2
exp[� A1(Tsv;g) tanx ]dx :

(9)
Although equation9 might seemcomplicated,it is really in a

simpli�ed form. We alreadyhave simpleanalyticexpressionsfor
A0 andA1. Further, the functionA1 is a numericalconstantasfar
astheintegrationis concerned.

STEP 2. Evaluating the integral using a special function:
To encapsulatethekey conceptsin theintegrandof equation9, we
de�ne thespecialfunction,

F(u;v) =
Z v

0
exp[� utanx ]dx : (10)



Figure8: Theimagesshowglowsaroundthreeidenticalpoint light sources(streetlamps)at differentdistancesfromtheviewer. Fromleft to right, weshow
threedifferent valuesof the scatteringcoef�cient b (b = 0;0:01;0:04). Larger valuesof b correspondto larger optical thicknessesTsv. We clearly seethe
effectof greaterglowsfor larger b . Also,theradiancefromfarther light sourcesis attenuatedmore in each individual image, resultingin smallerglowsfor
thefarther lights. In thefourth (rightmost)image, weshowa differentview with b = 0:04, where all thelight sourcesare approximatelyequidistant,with the
resultthat they havesimilar glows.(Theshadingon thesurfacesis computedusingthesurfaceradiancemodelin section4.)

Unfortunately, there exists no simple analytic expression for
F(u;v). However, the function is a well behaved 2D function as
shown in �gure 5. Therefore,we cansimply storeit numerically
asa 2D table. This is really no different from de�ning functions
likesinesandcosinesin termsof lookuptables.In practice,wewill
usetexture mappingin graphicshardwareto accessthis 2D table.
Note thatF(u;v) is purelynumerical(independentof thephysical
parametersof theproblem),andthusneedsto beprecomputedonly
once.

Finally, wecanobtainfor La(g;Tsv;Tvp;b ),

La = A0

h
F(A1;

p
4

+
1
2

arctan
Tvp � Tsvcosg

Tsvsing
) � F(A1;

g
2

)
i
; (11)

wherewehaveomittedtheparametersfor La, A0 andA1 for brevity.
In the importantspecialcaseof Tvp = ¥ , correspondingto no

objectsalongtheviewing ray, wegetLa(g;Tsv;¥ ;b) as

La = A0(Tsv;g;b)
h
F(A1(Tsv;g);

p
2

) � F(A1(Tsv;g);
g
2

)
i
: (12)

In summary, we have reducedthe computation of a seemingly
complex single scattering integral in equation 5 into a com-
bination of an analytic function computation that dependson
the physical parametersof the problem and a lookup of a pre-
computed2D smoothfunction that is independentof the phys-
ical parametersof the problem. In therestof thepaper, we will
demonstrateseveralextensionsandapplicationsof ourmodel.

3.3 Accuracy of the Airlight Mo del

We�rst investigatetheaccuracy of ouranalyticmodelascompared
to numericallyintegratingequation5. Figure6 shows plotsof the
meanerrorin La asafunctionof theresolutionof the2D numerical
tablefor thespecialfunctionF(u;v). We useinterpolationto eval-
uateF(u;v) atnon-gridlocationsfor theindices(u;v) (bilinearand
nearestneighborinterpolationsare shown in �gure 6). For each
resolution,the error computedis averagedover 40000setsof pa-
rametervaluesfor b , Dsv, Dvp, g. Theerrorbarsin the�gure show
thestandarddeviation of theerrors.Theplots indicatethatevena
low resolution64� 64 tablesuf�ces to computeF(u;v) accurately,
with a maximumerror of lessthan2%. As expected,bilinear in-
terpolationperformsbetter, but, for fasterrendering,onecanuse
nearestneighborinterpolationwith only asmall lossin accuracy.

Wealsovalidatetheaccuracy of thesinglescatteringassumption
in our airlight model. Figure7 shows the relative RMS errorsbe-
tweenglows aroundlight sourcescomputedusingour modelanda
standardvolumetricMonteCarloapproachthat takesinto account
multiple scatteringaswell. The Monte Carlo simulationtook ap-
proximatelytwo hoursto computeeachglow, whereasour explicit
modelrunsin real-time.Thecomparisonwasconductedfor optical
thicknessesover a wide rangeTsv 2 (0:25;25) andTvp 2 (0:5;50),
which coversalmostall real situations.As expected,for optically
thin media(Tsv � 2), ourmodelis veryaccurate(lessthan4%rela-
tive RMS error). Interestingly, evenfor greateroptical thicknesses
(Tsv > 2), theerroronly increasesslowly. Thus,our singlescatter-
ing modelmaybeusedasaviableapproximationfor mostcommon

real-timerenderingscenarios,suchasgames.

3.4 Visual E�ects of the Airlight Mo del

The dependenceof the modelon the viewing directiong andthe
distanceof thesourcefrom theobserverDsv, predictsvisualeffects
like the glows aroundlight sourcesand the fading of distantob-
jects.As discussedabove, theseeffectsarephysically accuratefor
thin fog (low b andT), andqualitatively reasonablein othercases.
In �gure 8, we alsoseehow theseglows changeasa function of
the mediumproperties(the scatteringcoef�cient b) anddistance
to the sources.As b increases,we go from no glow (b = T = 0)
to a signi�cant glow due to scattering. The differencesin the 3
light sourcesshouldalsobeobserved.Thefartherlightsareattenu-
atedmore,andweperceive thiseffect in theform of reducedglows
aroundmoredistantsources.The�nal (rightmost)imagein �gure 8
showsadifferentviewpoint,wherethesourcesareatapproximately
thesamedistance,andtheglows thereforelook thesame.

4 The Surface Radiance Mo del

In this section,we discussthe effectsof airlight on the outgoing
surfaceradiance. Considerthe illustration in �gure 9, wherean
isotropicpoint light sources illuminatesa surfacepoint p. We will
calculatethere�ectedradianceat thesurface.To gettheactualap-
pearanceat theviewer, weneedto attenuateby exp[� Tvp] asusual,
whereTvp is theopticalthicknessbetweenviewerandsurfacepoint.

The re�ected radianceLp is the sumof contributions,Lp;d and
Lp;a, due to direct transmissionfrom the source,andsinglescat-
teredairlight from thesourcerespectively,

Lp = Lp;d + Lp;a: (13)

The direct transmissioncorrespondsto the standardsurfacere-
�ectanceequation,only with anattenuationof exp[� Tsp] addedbe-
causeof themedium,whereTsp is theopticalthicknessbetweenthe
sourceandthesurfacepoint:

Lp;d =
I0e� Tsp

D2
sp

fr (qs; f s;qv; f v) cosqs; (14)

where fr is the BRDF, (qs; f s) is the direction to the source,and
thereforealsotheincidentdirection,and(qv; f v) is theviewing di-
rection.All anglesaremeasuredwith respectto thesurfacenormal,
in thelocal coordinateframeof thesurface.

4.1 The Surface Radiance Integral

On theotherhand,thesingle-scatteredradianceLp;a is morecom-
plicated,involving anintegral of theairlight (La from equation12)
overall incidentdirections,

Lp;a =
Z

W2p

La(g0(qs;wi);Tsp;¥ ;b) fr (qi ; f i ;qv; f v) cosqi dwi : (15)
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Figure9: Diagramshowinghowlight travelsfroma point light sourceto
a surfacepointandgetsre�ectedtowardstheviewerby thesurfacepoint.

Considertheparametersof La in the integrandof theabove equa-
tion. Theangleg0 in thiscaseis theangle3 betweentheincidentdi-
rectionwi andthesourcedirection(qs; f s). Notethat for isotropic
BRDFs,we canalwaysrotatethecoordinatesystemsof s = 0, al-
lowing usto write g0(qs;wi). Finally, La alsodependsontheoptical
thicknessbetweenthesourceandthesurfacepoint Tsp (insteadof
betweensourceandviewer in equation12).

We refer to equation15 asthe surfaceradiancesinglescatter-
ing integral, analogousto the airlight singlescatteringintegral in
equation5, andnext focusonderiving anexplicit compactform.

4.2 Solution to the Surface Radiance Integral for
Lambertian and Phong BRDFs

First considertheLambertiancase,so theBRDF is a constantkd.
Theintegral will thendependonly on theparametersof La, i.e. g0,
Tsp andb. Of these,the dependency on b is primarily a normal-
ization factoranddoesnot affect the integrand. The angleg0 is a
functionof thesourcedirectionqs, andtheintegrationvariablewi .
Hence,the integranddependson only two physical variables,Tsp
andqs. Thus,as in the previous section,we cande�ne a special
two-dimensionalnumericalfunctionG0(Tsp;qs).

For thePhongBRDF, weemploy thereparameterizationmethod
in [RamamoorthiandHanrahan2002],measuringanglesfrom the
re�ection of theviewing directionaboutthesurfacenormal,rather
than the surfacenormal itself. To indicatethis, we denoteby q0

s
theanglethesourcemakeswith respectto this re�ected direction.
Upon makingthis transformation,it canbe shown that the Phong
BRDF is mathematicallyanalogousto theLambertiancase.To al-
low for thePhongexponentn, wede�ne the2D functionGn instead
of G0. Thesefunctionsarewell-de�ned andsmoothasshown by
the plots in �gure 10. The detailsof thesecalculationsarein ap-
pendixB, andtheformulafor Gn is

Gn(Tsp;q0
s) =

Z

W2p

e� Tsp cosg0

sing0

h
F(A1;

p
2

) � F(A1;
g0

2
)
i

cosn qi dwi ;

(16)
whereg0andA1(Tsp;g0) arefunctionsof q0

s andwi , i.e. g0(q0
s;wi).

The �nal shadingformula,consideringbothdirect transmission
andsinglescatteringis thengivenby (derivationin appendixB):

Lp = I0kd

he� Tsp

D2
sp

cosqs+ b2 G0(Tsp;qs)
2pTsp

i
+ (17)

I0ks

he� Tsp

D2
sp

cosn q0
s + b2 Gn(Tsp;q0

s)
2pTsp

i
: (18)

As in theairlight modelderviation,we have reducedthecomputa-
tion of surfaceradiancedueto singlescatteringto a few analytic
functionevaluationsanda few 2D tablelookups.

3We usetheprimeon g0 to make a technicaldistinctionfrom theangle
g betweenthesourceandviewer usedin theprevioussection.An explicit
trigonometricformulafor g0 is givenin appendixB.
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Figure10: 3D plots of functionsG0 and Gn for n = 20 in the range of
0 � Tsp � 10 and0 � qs � p

2 . Theplotsshowthat bothfunctionsare well-
de�ned and smoothand can therefore be precomputedas 2D tables. The
functionsreach their peakvaluesfor qs = Tsp = 0, decayingwith increases
in bothparameters. Thedecayis fasterfor thepeakierG20 on theright.

(a) (b) (c)

Figure11: In�uenceof scatteringon Lambertiansurfaceradiance. In the
foggy image (b), createdusingour surfaceradiancemodel,weseea dim-
ming dueto attenuationand diffusingof shading(notethe brighteningof
darker areascomparedto thecleardayimagein (a)). Theseeffectsareper-
hapsmoreapparentin (c), wherewealsoincludeairlight fromthesource.

(a) (b) (c)

Figure12: In�uence of scatteringon specularsurfaceradiance(top row
hasPhongexponent10, bottomhasPhongexponent20). In the foggy im-
ages(b),weseea dimminganddiffusingof thespecularhighlightcompared
to theclear-dayimage in (a). Notealsotheoverall lossin color saturation
and contrast,especiallyin (c). Theseare importantvisual effects,usually
missingin previousinteractivetechniques.

4.3 Visual E�ects of the Surface Radiance Mo del

To illustratethedifferentqualitative effectswe seeon surfacesdue
to scattering,we renderedsphereswith Lambertian(�gure 11) and
PhongBRDFs (�gure 12) using our model above. The columns
arefrom left to right (a) no scattering,(b) theeffectsof scattering
on surfaceshading,and(c) combiningthis with theairlight effects
directly from the source.For the Lambertianspherein �gure 11,
weseeadimmingdueto attenuationof light throughthescattering
medium,andthe diffusing of shadingleadingto a brighteningof
darkershadow regions.In thespecularcase,weseeadimmingand
diffusingout of thespecularhighlight dueto scattering,combined
with an overall reductionin color saturationandcontrast. These
areimportantqualitative shadingeffectsthataddto the realismof
sceneappearancein scatteringmedia.



frag2appfmain(
�oat4 objPos: TEXCOORD3, // 2D texturecoords
...
uniformsamplerRECTF, // 2D specialfunctions
uniformsamplerRECTG0,
uniformsamplerRECTGn)

f
frag2appOUT; // outputradiance
// SetupandcalculateTsv, g, Dsv, Tvp, qs andq0

s

/********** ComputeLa fr om equation11******/
A0 = (b � I0 � exp[� Tsv � cosg])=(2p � Dsv � sing); // equation7
A1 = Tsv � sing; // equation8
v = p=4+ (1=2) arctan[(Tvp � Tsv � cosg)=(Tsv � sing)];

// v is oneof texturecoords
f1 = texRECT(F; f loat2(A1;v)) ; // 2D texturelookup
f2 = texRECT(F; f loat2(A1;g=2)) ;
airl ight = A0 � ( f1 � f2); // equation11

/********** Diffuse surfaceradiance fr om equation17******/
d1 = kd � exp[� Tsp] � cosqs � I0=(Dsp � Dsp);
d2 = (kd � I0 � b � b)=(2p � Tsp) � texRECT(G0; f loat2(Tsp;qs)) ;
di f f use= d1 + d2;

/********** Specularsurfaceradiance fr om equation18******/
s1 = ks � exp[� Tsp] � cosn q0

s � I0=(Dsp � Dsp);
s2 = (ks � I0 � b � b)=(2p � Tsp) � texRECT(Gn; f loat2(Tsp;q0

s)) ;
specular = s1 + s2;

/********** Final Color (equation19) ******/
OUT:color = airl ight + (di f f use+ specular) � exp[� Tvp];
return OUT;

g

Figure13: Pseudocodefor the Cg fragmentshaderthat implementsour
combinedmodelfor airlight andsurfaceradiance.

5 The Complete Mo del and its Hardware
Implementation

While the mathematicalderivations in the previous two sections
are somewhat involved, the actual implementationis straightfor-
ward.Ourmodelprovidesanexplicit form thatcanbeeasilyimple-
mentedin modernprogrammablegraphicshardware.This requires
minimal changesto boththeoriginal renderingcodeandscenede-
scription,andcanthereforebeeasilyintegratedinto otherexisting
real-timerenderingmethods.Indeed,theuserneedonly specifythe
coef�cient b of the medium,asin standardOpenGLfog, anduse
theshadercorrespondingto ourmodel(pseudocodeis in �gure 13).

To computethe �nal appearance,we sumup the attenuatedre-
�ected radiancefrom thesurfaceandtheairlight from thesource,

L = e� TvpLp + La: (19)

La is theairlight andis givenby equation11. Lp is theexitant ra-
dianceat thesurfaceandis givenby equations17and18. Weonly
needto compute a few simple analytic terms and do 4 texture
lookups for eachvertex or pixel, two for specialfunction F, and
oneeachfor G0 and Gn (thesetexture lookupscorrespondto the
texRECT function call in the pseudocodeof �gure 13). Clearly,
thesecomputationscanbe doneby modernprogramablegraphics
cardsinteractively in asinglerenderingpass.

In practice,we implementthe modelusingCg in the fragment
shaderof anNVidia Geforce6800graphicscard.Thespecialfunc-
tionsF, G0 andGn areprecomputedandtabulatedas64� 64 �oat-
ing point textures.Sincethesetexturesareprecomputedonly once,
we minimize frequentdatatransferbetweenthegraphicscardand
mainmemory.

Therenderingspeeddependson a varietyof variables,andren-
deringtime is linear in the numberof light sources.As shown in
the video, we are able to achieve real-timerateseven for fairly

complex sceneswith several light sources. As an example, we
renderedthe sceneshown in �gure 1, with 39,999verticesand
66,454triangles. We simulatedthe scatteringeffectsfrom 4 light
sourcesand achieved about 20 fps using the graphicshardware
mentionedabove. The model for the scenewas obtainedfrom
http://hdri.cgtechniques.com.

6 Complex BRDFs and Lighting
Sofar, wehaveconsideredarbitrarily locatedpoint lights,andsim-
pleLambertianandPhongBRDFs,showinghow anexplicit expres-
sioncanbederivedandimplemented.Renderingtime is linear in
thenumberof lights. In this section,we show how theseideascan
beextendedto ef�ciently handlecomplex BRDFsandenvironment
maplighting usingconvolution,if wearewilling to makeparticular
simplifying assumptions.We �rst introducethenotionof a point-
spreadfunction(PSF)for theradianceor glow from a point source
dueto singlescattering.This is similar in spirit to thePSFsderived
by NarasimhanandNayar[2003] andPremozeet al. [2004] in the
context of multiple scatteringfor of�ine rendering. We will then
discussanumberof applicationsincluding

� RenderingarbitraryBRDFswith point light sources,by con-
volving theBRDF with this PSF, asshown in �gure 14. This
approachcanbe usedif we arewilling to precomputea tab-
ular BRDF representation,insteadof usinga simpleexplicit
formula,asfor LambertianandPhongBRDFs.

� Convolving an environmentmapwith the PSFto ef�ciently
handlevery complex lighting (with possibly thousandsof
lights, correspondingto the pixels of an environmentmap).
Thisconvolutionis possibleif weassumethatall light sources
areequallyfar away, asin a distantenvironmentmap. This
enablesus to obtain the characteristicglows and blurriness
aroundlight sourceson foggydays,asshown in �gure 15.

� Integratingvolumetric scatteringinto precomputedradiance
transfermethodsthat includecomplex lighting, realisticma-
terials,castshadowsandinterre�ections(�gure 16). Theidea
of convolving with thepoint-spreadfunctioncanbeappliedto
almostany techniquethat usesenvironmentmaps,enabling
environmentmappingandprecomputedradiancetransferto
beusedin participatingmediafor the�rst time.

Throughoutthe section,we apply the signal-processingresultsof
RamamoorthiandHanrahan[2001]andBasriandJacobs[2003] to
ef�ciently computetheconvolutionsin thefrequency domainusing
sphericalharmonics.

6.1 Airlight Point Spread Function (PSF)

In section3, we determinedtheradianceLa(g;Dsv;Dvp;b ) from a
point sourcereachinga viewer, dueto singlescattering.If we �x
the distanceto the sourceDsv, the integrating distanceDvp, and
thescatteringcoef�cient b of themedium,theradiancebecomesa
functiononly of theangleg. We normalizethis functionby I0=D2

sv
to accountfor theintensityof thesource,andde�ne thePSFas

PSF(g)Dsv;Dvp;b =
D2

svL(g;Dsv;Dvp;b )
I0

: (20)

SincethePSFis mostlyappliedfor surfaceshading,wewill gener-
ally setDvp = ¥ , asin section4.

6.2 Empirical PSF factorization for Speedup

The PSF de�ned above still dependson the parametersof the
mediumsuchasthe coef�cient b . So, changingtheseparameters
changesthe PSFandrequiresus to redoany convolutions. How-
ever, we have observedempirically that thePSFabove canbefac-
tored into a purely angular component that is independent of
the medium parametersand an amplitude componentthat de-
pendson the medium parameters.This factorization enablesus



Figure 14: [Left] A teapot rendered using the measured blue metallic
BRDF. [Right] Theteapotasit appears in a scatteringmedium.Thebright-
eningof darker regions,andsofteningof shading, is clearlyvisible.

to changethe medium parametersinteractively without having
to re-computethe PSFor redoany convolutions. Speci�cally,

NPSF(g) =
F(sing; p

2 ) � F(sing; g
2)

2p sing� e(cosg� 1)
(21)

PSF(g)Dsv;¥ ;b = Tsve� Tsv � NPSF(g); (22)

whereNPSFhasonly angulardependence,independentof other
physical parameters.In appendixC, we derive and validatethis
approximation,showing plotsthat indicatethereis little noticeable
numericalerror.

6.3 Rendering with arbitra ry BRDFs

We canuseconvolution with thePSFto renderwith arbitrarytab-
ulatedBRDFs, suchas measuredre�ectance. For eachoutgoing
direction,we tabulate the BRDF asa function over the sphereof
incidentdirections.A new effectiveBRDFcanbeobtainedfor that
outgoingdirectionby convolving this functionwith thePSF.

Mathematically, we �rst write the(isotropic)BRDF in termsof
sphericalharmoniccoef�cients for eachoutgoingangleas

r orig(qi ;qo; f ) = å
l ;m

r orig
lm

(qo)Ylm(qi ; f ); (23)

wherer orig
lm

arethecoef�cients, andYlm is thesphericalharmonic.
To performtheconvolution[RamamoorthiandHanrahan2001],we
multiply the coef�cients r orig

lm
of the original BRDF by the corre-

spondingcoef�cients of thepoint-spreadfunction4 PSFl ,

r eff
lm(qo) =

r
4p

2l + 1
PSFl r

orig
lm

(qo): (24)

Then,we canusetheeffective BRDF to computethe re�ected ra-
diancedueto airlight, andthe original BRDF for the re�ected ra-
diancedueto direct transmission.Thus,standardrenderingalgo-
rithmscanbeexecutedwith onlyslightmodi�cation andatvirtually
no additionalcost. Note however, that while our previous formu-
laefor LambertianandPhongmodelsrequirednoprecomputations,
theconvolution approachrequiresprecomputationof thespherical
harmoniccoef�cients for acollectionof outgoingangles.

Figure14 shows imagesrenderedwith theBlue metallicBRDF
measuredby Matusik et al. [2003]. In the left image,we simply
rendera tabular descriptionof theBRDF without scattering.In the
right image,we usethe formulaabove to computea new effective
tabulatedBRDF, including theeffectsof airlight. Thebrightening
of darker regionsowing to scatteringis clearlyvisibleon theright.

6.4 Rendering with Environment Maps

Our point spreadfunction canbe applieddirectly to environment
maps,with theeffectsof scatteringobtainedby convolving theen-
vironmentmapwith the PSF. To usea singlePSFfor all sources,
we mustassumethatthelighting is madeof smallequidistantlight

4SincethePSFis radially symmetric,dependingonly on g, only spheri-
calharmoniccoef�cients with m = 0 arenonzero.

Figure 15: [Top] Grace cathedral environmentmap with no scattering.
[Middle] Theenvironmentmapis convolvedwith theairlight singlescatter-
ing PSFto createa foggy/mistyappearance. Noticethe glowsaroundthe
light sources,theblurring of thesourcesandthebrighteningof darkareas.
[Bottom] A sceneilluminatedby the environmentmapwithout scattering
(left) andwith scattering(right). Noticethespreadingof thehighlightsand
brighteningof thespheresdueto scattering.

sources(�x edDsv). This is a goodapproximationwhenthesizeof
theobjectsis smallcomparedto thedistanceto theenvironment5.

We �rst considersimply looking at the environment,wherewe
wouldliketo seetheglowsaroundthebright light sources,to create
theeffectsof foggyor mistyappearance.To achieve thiseffect,we
simplyneedto convolve theenvironmentmapwith thePSF,

Lconvolved
lm =

r
4p

2l + 1
PSFl L

original
lm : (25)

Furthermore,similar to equation1, we cansimply usea combi-
nationof the original attenuatedenvironmentmapLattenuated (for
direct transmission,andcorrespondsto Ld in equation1) andthe
convolvedversionLconvolved above(for airlight, andcorrespondsto
La in equation1) to computethesurfaceshading,

L f inal = Lattenuated+ Lconvolved (26)

Lattenuated = Loriginale� Tsv: (27)

Figure15showsresultsobtainedby convolving theGraceCathe-
dral environmentmap [Debevec 1998] with the single scattering
PSF. Theblurringof light sourcesandtheoverall increasein bright-
nessin darkregionscanbeimmediatelyseen.Below that,wecom-
paretheappearancesof spheresrenderedilluminatedby this envi-
ronmentmapwith andwithout scattering.Noticethespreadingof
highlightsandthebrighteningof theobjects.

5Notethatwhile thisassumptionis similarto standardenvironmentmap-
ping,ourPSFrequiresusto specifya �nite (but possiblylarge)Dsv.



Figure16: [Left] A scenerenderedusingprecomputedradiancetransport,to capture thecomplex shadowsandspecularsurfaceBRDFs.[Middle] Thesame
scenerenderedasthoughit wasimmersedin a scatteringmedium,with theobservercloseto theobject. Noticetheblurring andfogging of theenvironment
in thebackground. In the insets,weseea numberof shadingchanges,such as thebrighteningof dark regionsin the facebecauseof thescatteringof light,
theattenuationdueto dimminganddiffusingof specularhighlightson thebase, andthesofteningof shadowson theplane. [Right] Thesamesceneincluding
effectsof airlight betweenviewerandobject(asif theviewerwere far away, seeingtheBuddhathroughfog). Notethelossin contrastandsaturation.

6.5 Precomputed Radiance Transfer

Thetraditionalenvironmentmaprenderingtechniquesdo not take
shadows or interre�ections into account. Precomputedradiance
transportmethods[Sloanet al. 2002] computethe visibility in an
off-line manner, followedby interactive rendering.To addpartici-
patingmedia,we only needto convolve the lighting (environment
map)with our PSFandusethe resultasinput to the existing pre-
computedradiancetransfertechniques.To demonstratethis, we
usedthe techniqueof [Wanget al. 2004; Liu et al. 2004], which
handlesnon-diffuseobjectsunderall-frequency environmentillu-
minationusingaseparableBRDFapproximation.

We show the resultof the Happy Buddhamodelrenderedwith
theAshikhmin-Shirley BRDF[2000] in �gure 16. Theleft imageis
thestandardresultwith noscattering.In themiddleimage,weshow
a view of theBuddha,wherewe includetheeffect of airlight from
theenvironmenton surfaceappearance,but thereis no attenuation
or scatteringbetweentheviewerandobjectitself (asif theobserver
werevery closeto theBuddha).We clearlyseethe foggy appear-
anceof the backgroundandthe glows or airlight dueto the light
sources.On thefaceof theBuddha,we seea brighteningof darker
regions,alongwith adimminganddiffusingof specularhighlights.
A similareffect is seenon thebase,wherethedimminganddiffus-
ing of highlightsreducessaturationandcontrast.Finally, theshad-
owson theplaneareblurredout,with aconsiderablesofteningand
lossof detail. In theright image,thereis alsoscatteringor airlight
betweentheobjectandtheviewer (asif theobserverwerefaraway
andseeingthe Buddhathroughfog). This leadsto a further loss
of detailandcontrast,sothat theoriginal glossyappearanceof the
objectis essentiallylost.

7 Conclusions and Future Work

Wehavepresentedasimplemethodto addtheeffectsof participat-
ing mediato interactive applications.Our approachcanbe easily
implementedin programmablegraphicshardware and leadsto a
numberof new effectsin thereal-timedomain,suchasinteractive
renderingwith glows aroundlight sources,the effects of scatter-
ing on surfaceshading,environmentmaps,andprecomputedlight
transport.The key insight is a new analyticmodelfor integrating
thelight transportequationsassumingsinglescattering,which can
alsobe extendedto predict the impactof scatteringor airlight on

theinherentappearanceof surfaces.
More broadly, this paperindicatesthe power of using explicit

formulae to simulatedif�cult effects like volumetric scattering,
speedingup such a processby many ordersof magnitude. We
do sacri�ce somegenerality, consideringonly isotropicpoint light
sources,singlescattering,homogeneousmedia,andexcludingmost
castand volumetric shadowing, but believe this is a worthwhile
tradeoff to enableasimpletechniquethatachievesreal-timerates.

Futurework can follow many avenues. For instance,we can
attemptto extendour theoreticalmodel to considernon-isotropic
light sources(like spotlights)andinhomogeneousmedia.Our pre-
liminary work in this areaindicatesthatsomeof thesegeneraliza-
tions, while relatively simplein standardsurfacecalculations,are
rathernon-trivial for volumetricmedia. However, we believe that
many commoncasescanbe addressedby extensionsof the basic
methodsproposedin thispaper. In general,webelievethatanalytic
modelsof dif�cult to simulatevolumetricphenomenaarecritical to
achieving ef�cient renderingsfor real-timeapplications.
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Appendix A:Solution to Airlight Integral Westartthederivation
from equation5.

La =
bI0
4p

Z Dvp

0

e� b
p

D2
sv+ x2� 2xDsvcosg

D2
sv+ x2 � 2xDsvcosg

� e� bxdx (28)
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Figure17: [Left] Plot of PSF(g)Dsv;¥ ;b normalizedbyTsve� Tsv for differentoptical
thicknessesTsv rangingfrom0.1to 3.1.Afternormalization,thePSFdependsong and
is largely independentof Tsv. This impliesthat wecanfactor it into a purely angular
componentandan amplitudecomponentdependingon Tsv. [Right] Theaverage and
standard deviationof theabsoluteerror of theempiricalPSF. Whiletheerror increases
for smalleranglesg, it remainswell below0.05.

——> substituteT� = bD� andt = bx

=
b2I0
4p

Z Tvp
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sv+ t2� 2tTsvcosg
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——> substitutez= t � Tsvcosg

=
b2I0e� Tsvcosg

4p
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——> substitutez= Tsvsingtanh

=
b2I0e� Tsvcosg

4pTsvsing

Z arctan
Tvp� Tsvcosg

Tsvsing

g� p
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e� Tsvsing 1+ sinh
cosh dh (31)

——> substituteh = 2x � p
2

=
b2I0e� Tsvcosg

2pTsvsing

Z p
4 + 1

2 arctan
Tvp� Tsvcosg

Tsvsing

g=2
exp[� Tsvsingtanx ]dx ; (32)

from whichweobtainequation9.

Appendix B: Formula for Lambertian and Phong BRDFs
Here, we derive the expressionfor Lambertianand PhongBRDFs. We
�rst considerthe LambertianBRDF, beginning with equation15, Note
that in the derivation below, g0 is given from trigonometryby g0(qs;wi ) =
cosqi cosqs+ sinqi sinqscosf i .

Lp;a =
Z

W2p

La(g0(qs;wi );Tsp;¥ ;b) fr (qi ; f i ;qv; f v) cosqi dwi (33)

——> substituteequation12 for La andaconstantkd for fr

=
Z

W2p

A0(Tsp;g;b)
h
F(A1(Tsp;g0);

p
2

) � F(A1(Tsp;g0);
g0

2
)
i
kd cosqi dwi(34)

——> substituteequation7 for A0 andtakeconstantsoutof integration

=
b2I0kd

2pTsp

Z

W2p

e� Tsp cosg0

sing0

h
F(A1(Tsp;g0);

p
2

) � F(A1(Tsp;g0);
g0

2
)
i

cosqi dwi

=
b2I0kd

2pTsp
G0(Tsp;qs): (35)

For thePhongBRDF after reparameterization,insteadof kd cosqi , we will
obtainkscosn qi , wheren is the Phongexponent.This canbe handledex-
actlyasabove,simply replacingG0 with Gn.

Appendix C:Empirical PSF factorization The empirical PSF
factorizationis inspiredby the observation that after beingnormalizedby
Tsve� Tsv, thePSFbecomesessentiallyindependentof themediumphysical
parameters(optical thickness)andlargely dependson angleg asshown in
�gure 17 (left). This implies we canfactor the PSFinto a purely angular
componentandan amplitudecomponentthat dependson the mediumpa-
rameters.We de�ne the angularcomponentNPSF(g) as the PSF(g)Tsv= 1

normalizedby Tsve� Tsv andde�ne theamplitudecomponentasthenormal-
ization factor Tsve� Tsv. Then, the PSFcan be expressedusing thesetwo
termsasin equation22. Theabsoluteapproximationerror is plottedin �g-
ure17 (right) for 11differentopticalthicknessrangingfrom 0.1to 3.1.


