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Abstract—In this paper, we extend Razdan and 
Bae’s second-order local fitting method [11] to 
construct an effective third-order fitting patch. 
Compared to other estimation algorithms, this 
weighted bicubic B zier patch more accurately 
obtains the normal vector and curvature estimation 
of a triangular mesh model. Furthermore, we define 
the principal geodesic torsion of each vertex on the 
mesh model and estimate it through this local 
fitting patch. In the end of this paper, we apply the 
third-order fitting patch for the mesh smoothing 
and hole-filling which can get the satisfactory 
results. 

Keywords—bicubic B zier surface; normal vector; 
curvature; torsion  

 

1. INTRODUCTION 
With the fast development of geometry scanners 

such as 3D scanner, CT and MRI, robust and efficient 
geometry processing becomes increasingly desirable. 
Triangular meshes have become a popular 
representation for 3D geometry modeling. For 
triangular meshes, it is important to precisely estimate 
the relevant geometric properties such as the normal 
vector and curvatures of discrete data points, which 
influence further operations such as feature recognition, 
segmentation, or shape analysis [1-4]. The estimation 
of the normal vector and curvatures is fundamental 
work for digital geometry processing [5]. 

For normal vector estimation, many researchers 
have used a fixed number of Euclidean nearest 
neighboring points to estimate the normal vector at a 
given point. These nearest neighbors were used to fit 
the tangent plane at the point or to fit local quadric 
surface [1,2]. Other researchers constructed a 
polygonal mesh surface for a point cloud set and used 
the polygonal mesh to identify the neighboring points 
according to the connected polygonal facets [3,4]. 
Recently, OuYang and Feng [5] provided a new 
method of normal vector estimation based on the local 
Voronoi mesh and quadric curve fitting, which 
produced better normal vector estimation than other 
existing algorithms.  

There are two broad categories to estimate 
curvature of triangular meshes: discrete and continuous. 
The first approximates curvatures by formulating a 
closed form for differential geometry operators which 
work directly on the discrete representation of the 
underlying surface that generated the triangular mesh 
[6-8]. The latter fits a local surface, then computes 
curvatures by interrogating the fitted surface [9,10]. 
Recently, Razdan and Bae [11] gave a new curvature 
estimation based on the weighted local bi-quadratic 
Bé zier patch. They add a weighted factor and the 
smooth equations in the traditional Bézier patch which 
can obtain the better curvature estimation. 

Torsion, as one of the differential geometric 
properties, is an important invariant value for the rigid 
transformation. For the point on the smooth space 
curve, the torsion value can be calculated from the 
Frenet formula [12]. For the point on the given space 
point set, Lewiner [13] estimated the torsion by 
constructing the parametric curve via the least squares 
method. For the point on the smooth surface, the 
torsion is normally measured by the geodesic torsion. 
Because the curve passing the given point on the 
surface is not determined, we genera lly compute the 
geodesic torsion according to some specific curves 
passing through the given point on the surface. For the 
torsion estimation on the vertex of the discrete mesh 
model, there is  little attention and are few applications 
in the mesh processing [14,15].  

In this paper, we provide an effective third-order 
local fitting patch to estimate discrete geometric 
properties on the mesh model such as the normal 
vector, curvature and torsion. We also apply this local 
fitting patch for the mesh smoothing and hole-filling. 
This paper has the following contributions: 
(1).When constructing the third-order fitting patch, we 

find a desirable adjusting matrix in the traditional bi-
cubic Bé zier surface. It gives a better estimation of 
the normal vector and curvature of each vertex on 
the mesh model than the weighted second-order 
fitting patch.  

(2).Currently there is little research on the torsion 
estimation of the mesh model. We define the 
principal geodesic torsion of each vertex and use 
this local fitting patch to estimate the torsion 
property of each vertex on the discrete mesh model.  
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(3).When smoothing the mesh model and filling the 
hole of the mesh model, we use this local fitting 
patch to obtain the satisfactory results. 

 

2. THE THIRD-ORDER FITTING PATCH 
In a mesh model, in order to estimate geometric 

properties such as normal vector and curvature, a 
popular approach is to use quadratic or cubic algebraic 
surface to fit each vertex and its neighborhood by the 
least squares method. Recently, Razdan and Bae [11] 
developed a weighted bi-quadratic Bézier surface to fit 
the vertex and local neighborhood. The advantages of 
the parametric surface fitting method are that it is 
easily designed and for mesh surfaces with noise, it 
can add an adjusting matrix and factor to fit the local 
area, which gives a more accurate fitting surface. 

Since curvature is related to the computation of 
second-order derivatives and the third-order surface is 
a better fit to the shape of a local area than the second-
order surface is, here we use the weighted bicubic 
Bézier surface to fit the vertex pi and its 2-ring 
neighborhood, as shown in Fig. 1. 
 

 
Fig. 1. Fit the vertex and its 2-ring neighborhood by bi-cubic Bézier 

surface 

  
A bicubic Bézier surface is written as 
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where Bi,3 (u), Bj,3 (v) are Bernstein basis functions and 
bij are the Bézier control points which form the Bézier 
control net. 

To fit a given vertex pi and all vertices in the 2-ring 
neighborhood by a bicubic Bézier surface, we need to 
compute the positions of control points bij according to 
these given vertices. Denoting the parameters of each 
vertex in the fitting surface by (ui,vi), the parameters of 
these vertices are required to be calculated at first. 
They are acquired by projecting vertices onto a tangent 
plane and scaling them to the [0,1] 2 range.  

Assuming there are n vertices in the 2-ring 
neighborhood of the vertex pi,  we first compute the 
approximate normal vector N at pi by the arithmetic 
average of all neighboring triangles’ normal vectors. 
Second, we build a tangent plane which is vertical to N  
and set pi as the origin of its coordinate system. Then 
we construct the local Cartesian coordinates in this 

plane. The direction from one projected point to the 
vertex pi is set as the x-axis and one vertical direction 
as the y-axis. The coordinates of all projected points 
are enclosed by a bounding rectangle. This rectangle is 
finally scaled to [0,1]2. The coordinates of projected 
points in this range are regarded as the corresponding 
parameters of given vert ices, as shown in Fig. 2. When 
projecting these vertices in the neighborhood onto the 
tangent plane, if there are folding cases or other 
particular situations, for example, some projected 
points of vertices in the tangent plane are  coincident or 
some lines connected by two adjacent projected points 
are self-intersecting. We change another fitting point 
as the origin of the coordinate system to reconstruct a 
new tangent plane or restrict vertices in the 1-ring 
neighborhood as fitting points to avoid these problems. 

 

 
     (a)                                                     (b) 

Fig. 2. The parameter acquisition of all fitting vertices. (a) The 
coordinates of projected points on the tangent plane. (b) Scaling 
these coordinates to [0,1] 2. 

 
After obtaining the corresponding parameters (ui,vi) 

of vertex pi and other fitting vertices, we build a linear 
equation system Ax=B, where 
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From this system of equations, we compute x to 
determine the control points bij, which construct the 
bicubic Bézier surface. 

When using the least squares method to solve above 
system, the fitting surface may not be the effective 
fitting surface. To construct the fitting patch more 
accurately, we add an adjusting matrix and a factor to 
modify the system as follows 
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where A, x, B are defined above, the matrix S  is 
added to control the shape of fitting surface. Choosing 
different matrices S influences the fitting precision of 
the local patch, as shown Fig. 3. 
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                              (a) 

 
                                                (b) 

Fig. 3. The bicubic Bézier surface using different matrix S to fit 8 
vertices. (a). Using random matrix S. (b). Using our matrix S. 

 
To let the fitting patch be smooth, one method is to 

make the control point distribution of the bicubic 
Bézier surface as uniform as possible. From the 
experimental result, we find the following matrix S is a 
good solution which means to minimize the second 
differences of the boundaries in the control net 
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The factor a is in [0,1] and is adjusted according to 
the noise density. When noise is dense, a is set lower, 
whereas, a is set higher. Currently the noise density is 
determined by the subjective judgment. We set a  to 0.8 
for the general mesh model. 

For the above system, we use the least squares 
method to determine the solution to obtain the control 
points of a bicubic Bé zier surface. At this time, vertex 
pi is identical to the corresponding point B(ui,vi) on the 
fitting surface. We estimate the geometric properties of 
pi according to the point B(ui,vi). 

 

2.1 Normal estimation of the mesh model 

The normal vector is estimated by above parametric 
surface. For each point pi, representing the point B(ui,vi) 
on the bicubic Bézier patch, the unit normal vector is 

computed as ||/ vuvu BBBBn ××= . The normal 

vector of the bunny mesh model is shown in Fig. 4. 

 

 

 
Fig. 4. Bunny model and its normal vector model 

 

For practical mesh models composed of a point 
cloud set, the true normal vector at each point is 
unknown, so direct evaluation of the normal vector 
estimation errors was not possible. Nonetheless, we are 
able to estimate the normal vectors satisfactorily if the 
point density goes to infinity. Comparison of the 
methods was thus made according to the consistency in 
normal vector estimation at reduced point densities for 
each method [5]. 

 

TABLE 1 
COMPARISON OF OUR NORMAL VECTOR ESTIMATION 
WITH OUYANG AND FENG’S METHOD FOR BUNNY MESH 
MODEL 

 

 
 

For the Bunny mesh model, the normal vector n0 at 
a point in the original point cloud data set was 
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evaluated first by the estimation method and regarded 
as the reference. Reduced point density was achieved 
by randomly deleting 10-90% of points from the 
original set. The normal vector ni is then estimated 
again at each point in the reduced point sets. The 
deviation was quantified as the angle between n0 and ni. 
We compare our method to OuYang and Feng’s 
estimation method [5] wh ich is claimed to be better 
than other existing methods. From the result 
comparison, we find our method is more consistent 
than OuYang and Feng’s method, as shown in Table 1. 

 

2.2 Curvature estmation of the mesh model 

We also use above parametric surface to estimate 
both mean curvature and Gaussian curvature. For point 
pi, representing the point B(ui,vi) on the bicubic Bézier 
surface, after the unit normal vector is computed, we 

suppose uu BBE ⋅= , vu BBF ⋅= , vv BBG ⋅= , 

nBL uu ⋅= , nBM uv ⋅= , nBN vv ⋅= . According 

to the differential geometry formulas, the Gaussian 
curvature and mean curvature on its point are computed 
as 
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The mean curvature and Ga ussian curvature in the 
bunny model are shown in Fig. 5. We compare our 
curvature estimation result to Razdan and Bae’s method 
[11] which obtains the satisfactory curvature estimation. 
We also use the same comparison strategy that judges 
the deviation consistency by reducing the point density. 
From the result comparison, we find our cubic-order 
curvature estimation result is more accurate than 
Razdan and Bae’s second-order method, as shown in 
Table 2. 

 
 
 
 

 
                            (a) 

 
(b) 

Fig. 5. Bunny mesh model. (a) Mean curvature model. (b) Gaussian 
curvature model. (Red: high values; Green: medium values; Blue: 
low values)  
 

 
TABLE 2  

COMPARISON OF OUR CURVATURE ESTIMATION RESULT 
WITH RAZDAN AND BAE’S METHOD FOR BUNNY MESH 
MODEL 

  
(a) Mean curvature comparison      

 
(b) Gaussian curvature comparison 

 
(x-axis is the percentage of original set. y-axis is the total deviation 
value) 
 

2.3 Torsion estimation of themesh model 

Torsion, like curvature, is an important geometric 
property of the object’s rigid transformation. The 
research on torsion can provide us a more powerful tool 
for the digital geometric processing, but it seems there 
is little attention on the torsion topic of the discrete 
mesh model. For the point on the smooth surface, the 
torsion is normally measured by the geodesic torsion. 
Because the curve passing the given point on the 
surface is not determined, it brings us the difficulty in 
estimating torsion. We generally compute the geodesic 
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torsion according to some specific curves passing 
through the point on the surface. One curve is the 
curvature line, but we know the geodesic torsion along 
the curvature line is zero from the differential geometry 
knowledge. Another curve is the torsion line, namely, 
the direction along the angle bisector of two principal 
directions. We know the geodesic torsion attains the 
maximum along the torsion line on the given point. 
Here we define it as the principal geodesic torsion. For 
the discrete mesh model, there is the similar torsion 
property. In this paper, we introduce the principal 
geodesic torsion and estimate it by the local fitting 
patch. For the principal geodesic torsion, we have the 
following definition and theorem. 

Definition. For the point on the surface, the geodesic 
torsion reaches the maximum value on two orthogonal 
directions along the angle bisector of two principal 
directions, we define the largest of geodesic torsion 
values as the principal geodesic torsion maxτ . 

Theorem. For the principal geodesic torsion on the 
point of the surface, its value can be calculated by the 
mean curvature H and Gaussian curvature K, i.e., 

KH −= 2
maxτ . 

Proof. Supposing θ  is the angle between the direction 

composed of dvdu :  and the curvature line whose v  
value is constant. From the differential geometry 
formula , we know the geodesic torsion is  

θτ 2sin)(
2

1
12 kk −= , 

where 12,kk  are principal curvatures respectively and 

12 kk ≥ .  

When the direction is along the angle bisector of two 
principal directions, namely, θ 4/π±= , the 
geodesic torsion value reaches the maximum value. So 
we have 

θττ 2sinmax= . 

From the Euler formula, we know 

)()( 12 kkkk nn −⋅−  
22

12
2

21 sin)(cos)( τθθ −=−⋅−= kkkk . 

Hence, 

KHkkkkkk nnnn −+−=−⋅−−= 2)()( 2
12

2τ . 

This equation is understood that τ  is a quadratic 

function of nk . Obviously, when Hkn = , τ  gets 

the maximum value, namely, KH −= 2
maxτ . 

 

After estimating the mean curvature and Gaussian 
curvature through the local fitting patch, we estimate 
the principal geodesic torsion from above theorem for 
each vertex of the mesh model. The principal geodesic 
torsion can be used to describe the torsion property of 
each vertex on the mesh model, the principle geodesic 
torsion model of the bunny model is shown in Fig. 6. 

 
 

 
Fig. 6. The principal geodesic torsion model of bunny mesh model. 
(Red: high values; Blue: medium values; Green: low values)  
 
 

3. PATCH APPLICATION FOR 
SMOOTHING THE NOISED MESH 

MODEL 
We apply this third-order local fitting patch for the 

noised mesh smoothing. Because the weighted factor is 
set according to the noise and we add the smoothing 
equations in the new third-order fitting patch, the point 
on the fitting surface can be regarded as the smoothed 
position for the original vertex in the mesh model.  

We use some mesh models to test our mesh 
smoothing algorithm. Fig. 7(a) is a simplified cat mesh 
model. Fig. 7(b) is the noised mesh model. Fig. 7(c) is 
our smoothing result. To our surprise, we find our 
smoothing result can restore the original shape such as 
the lips. We use Desbrun’s method [16] to measure the 
ratio of the original volume and the volume after the 
model is smoothed. The ratio of our method is 0.9936. 
This shows our smoothing method efficiently prevents 
the volume shrinkage. Fig. 8(a) is a original dragon 
mesh model, Fig. 8(b) is its noised  mesh model. Fig. 
8(c) is Ohtake et al’s denois ing result [17]. Fig. 8(d) is 
our smoothing result. We find our smoothing 
algorithm is applicable to the large mesh model and 
has the same feature-preserving advantage as Ohtake’s 
denoising method. 

 
 

 
(a)                             (b)                             (c) 

Fig. 7. Cat mesh model. (a). Simplified mesh model (b). Noised 
mesh model (c). Our smoothing result  
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(a) Original mesh model 

 
(b) Noised mesh model 

 

 
(c) Ohtake’s denoising result 

 

 
(d) Our smoothing result 
Fig. 8. Dragon mesh model 
 
 

4. PATCH APPLICATION FOR THE HOLE-
FILLING OF THE MESH MODEL 

This third-order fitting patch can also be used to fill 
the holes of a mesh model. We firstly find the 
influencing area of each hole and set vertices in the 
influencing area as the fitting points. Secondly we 
project these vertices onto a tangent plane to obtain the 
parameters of fitting points in [0,1]2. Then we  
construct the weighted bicubic Bé zier patch to 
approximate the hole. Finally we use the Delaunay 

triangulation algorithm to acquire the triangulation of a 
closed polygon composed of border vertices in the 
parameter field of the tangent plane. The triangles in 
the tangent plane are matched to the 3D triangles 
approximating the third-order Bé zier patch, which are 
used to fill the hole in the mesh model.  For example, 
there are four holes in the bottom of bunny mesh 
model. We construct four third-order fitting patches to 
fill them respectively. The hole-filling result is shown 
in Fig. 9.  

If the hole has a complex shape, we need to use the 
feature extraction [18] and the curve blending 
technique to obtain the completed feature curves in the 
hole in advance. These feature curves divide the hole 
into several simple sub-holes, then we use the third-
order bicubic Bé zier patch to fill each sub-hole. For 
example, there is a hole in the fandisk model in Fig. 
10(a), we first construct two completed feature curves 
in the hole to separate it into three sub-holes, as shown 
in Fig. 10(b), then we use three fitting patches to fill 
them, the hole-filling result is shown in Fig. 10(c). The 
original mesh model is shown in Fig. 10(d). We find 
our hole-filling method can efficiently restore the 
feature part of the object. 

One problem we need to notice is that the current 
filling surface B(u,v) is an approximating surface by 
the least squares method, which may not pass through 
all border vertices of the hole. We can modify it by the 
Lagrange interpolating method. Supposing the border 
vertex of the hole is vi and there are n border vertices, 
the new filling surface is written as 

∑
=

⋅+=
n

k
ki vulvuBvuB

0

' ),(),(),( δ , ]1,0[, ∈vu , 

where ),( vuB  is the previous Bé zier patch , 
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 ∏
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If Lagrange interpolation with high degree causes 
numerical instability problem, we uniformly divide the 
parameter u,v space into small subspaces, each of 
which contains fewer interpolating points. Then we use 

),(' vuB  as the combination of the Bé zier patch and 

the interpolating surface with low degree to replace the 
fitting surface B(u,v). The original vertices of the 3D 
triangles filling the hole which come from B(u,v), are 
now replaced by corresponding points on each 

modified surface ),(' vuB . This measure makes sure 

the filling 3D triangles pass through all border vertices 
of the mesh hole. 
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(a) Four holes in the mesh model 

 
 

 
(b) Four hole-filling patches 

 

 
 

 
(c) The filling result of four holes        
Fig. 9. Bunny mesh model 

 
 
 

 
(a) Construct ing two feature curves to divide the hole into three sub-
holes 

 
 

 
(b) Using three third-order fitting patches to fill three sub-holes 
 
 

 
(c) Our hold-filling result 
 

 

 
(d) The original mesh model 
Fig. 10. Fandisk mesh model 
 

5. CONCLUSION AND FUTURE WORK 
In this paper, we provide an effective third-order 

local fitting patch. Compared to other algorithms, this 
weighted bicubic Bé zier patch more accurately obtains 
the normal vector and curvature estimation of the mesh 
model. Furthermore, we define the principal torsion of 
each vertex in the mesh model and estimate it by this 
third-order local fitting patch. As for the application, 
we apply this third -order local fitting patch for the 
mesh smoothing and hole-filling. The experiments 
show that it obtains satisfactory results. 

Our study has some limitations, which suggest 
topics for our future work. If there are no enough 
vertices in the 2-ring neighborhood, we need to look 
for other vertices in the 3-ring neighborhood for the 
patch construction, but the size of the neighborhood 
will influence the stability of our algorithm. The 
tangent plane is built based on the approximate normal, 
which may be not accurate. The factor a  which reflects 
the noise density currently is chosen by the subjective 
judgment. In the mesh smoothing and hole-filling 
application, we need to compare our method to other 
popular algorithms. 
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