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Abstract
This paper describes a simple modification to an Eulerian fluid simulation that permits the underlying mesh to
deform independent of the simulated fluid’s motion. The modification consists of a straightforward adaptation of
the commonly used semi-Lagrangian advection method to account for the mesh’s motion. Because the method does
not require more interpolation steps than standard semi-Lagrangian integration, it does not suffer from additional
smoothing and requires only the added cost of updating the mesh. By specifying appropriate boundary conditions,
mesh boundaries can behave like moving obstacles that act on the fluid resulting in a number of interesting effects.
The paper includes several examples that have been computed on moving tetrahedral meshes.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling, Physically Based Modeling; I.3.7 [Computer Graphics]: Three-Dimensional Graphics and
Realism, Animation; I.6.8 [Simulation and Modeling]: Types of Simulation, Animation

Keywords: Natural phenomena, physically based animation, computational fluid dynamics, moving meshes.

1. Introduction
In recent years a number of simulation-based methods for
generating realistic fluid animations have been proposed.
These techniques use computational nodes that are either
fixed in space (Eulerian) or that move with the fluid (La-
grangian). Currently the former appear to be more popular
and have found widespread use in the visual effects industry.

In this paper we describe a hybrid Lagrangian-Eulerian
approach that simulates fluid in a predominately Eulerian
fashion but that also allows prescribed motion and deforma-
tion of the underlying mesh independent of the fluid mo-
tion. By specifying appropriate boundary conditions, the
fluid motion can be left unaffected by that of the mesh, or
the fluid can be made to treat mesh boundaries as moving
obstacles that effect the fluid’s motion.

The method consists of a straightforward modification
of the commonly used semi-Lagrangian integration scheme.
This modification has a simple, intuitive explanation and can
also be easily derived from an ALE (arbitrary Lagrangian-
Eulerian) formulation of the advection term in the Navier-
Stokes equations.

We have implemented this modification in the frame-
work of the the fixed tetrahedral mesh method described
by [FOK05]. The modification only required minor changes
and imposes little additional computational cost. We include
several examples, such as the one in Figure 1, that demon-
strate how this method can be used to achieve a variety of
interesting results. While we have only tested this modified

Figure 1: Rhythmic contractions of the lower chamber in-
duce motion in the fluid within a glass container with an
open top. The fluid motion is illustrated by the behavior of
the massless marker particles.

semi-Lagrangian integration scheme with tetrahedral grids,
it should be easily applicable to other discretizations such as
standard regular grids or octrees.
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2. Background
The simulation of fluids has proven to be an important tool
in the visual effects industry and several researchers have
developed methods for realistically modeling both gases
and liquids. Some examples that simulate smoke include
[FSJ01], [FM97], [Sta99], [FSJ01], and [FOK05]. Simulat-
ing liquids with free surfaces additionally requires a surface
tracking method. [FF01] introduced the use of level sets for
surface tracking, which was improved to the particle level
set method in [EMF02]. More recently, [BGOS05] demon-
strated a robust technique based on semi-Lagrangian con-
touring.

Interaction with obstacles has always been an impor-
tant part of these simulations [GAD03], [Pes02], [YOH00].
[CMT04] recently proposed a method for simulating the
two-way interaction of rigid bodies and fluids while
[GSLF05] presents a method for coupling fluids with both
deformable and rigid shells.

The special case of translating meshes has been addressed
by other researchers. Recently, [SCP∗04] used the principle
of Galilean Invariance to allow the grid to follow the visually
important portion of the fluid. [REN∗04] achieved this same
goal by moving their mesh by whole grid increments and
translating values in their data array.

Meshless methods that use Lagrangian particles for sim-
ulation of fluids have shown significant promise. Exam-
ples of these methods include [TPF89], [DC96], [CD97],
[SAC∗99], [MCG03], [PTB∗03], and [MKN∗04] . These
meshless methods are particularly well suited to deformation
as points may move freely without concern for maintaining
a good mesh. However, meshless methods have yet to gain
the widespread acceptance in the graphics community seen
by mesh-based Eulerian methods.

Arbitrary Lagrangian-Eulerian (ALE) methods simulate
on meshes that move independent of a fixed coordinate sys-
tem or the fluid motion. These methods have proven to
be very useful in the simulation of highly deformable elas-
tic materials. ALE was first presented by [HAC74] who
used finite differences to solve compressible fluid problems.
[DFSG77] later applied ALE to the finite element setting.
An excellent survey of subsequently developed ALE meth-
ods appears in [DHPRF04].

3. Methods
The techniques we describe here generalize Eulerian fluid
simulation to allow for deforming meshes. The basic idea
is that at all times, velocities are computed with respect to
a fixed world coordinate system. The moving mesh sim-
ply provides a time-varying discretization of the fluid prop-
erties. The method we present here essentially amounts to
solving the standard ALE advection formulation using the
semi-Lagrangian method.

Conceptually, our method is independent of the type of
mesh used. Because meshes that use cubical cells (e.g.

regular rectilinear and octree) need to maintain their reg-
ular structure, deformations of these grids are limited to
rigid body transformations and uniform scaling. Tetrahedral
meshes, on the other hand, allow for a substantially richer
set of deformations. As such, all results shown in this paper
are generated using a modification of the tetrahedral mesh
method described in [FOK05].

The governing equations for an incompressible, inviscid
fluid using an ALE advection term (see e.g. [DHPRF04])
take the form:

∂u
∂t

=−(u− ū) ·∇u− ∇p
ρ

+
f
ρ

(1)

subject to the mass conservation constraint for incompress-
ible fluids:

∇·u = 0 . (2)

In these equations, u is the fluid velocity, ū mesh veloc-
ity, t time, p pressure, ρ density, and f any external forces.
The symbol ∇ denotes the vector of differential operators
∇ = [∂/∂x,∂/∂y,∂/∂z]T. Note that if the mesh velocity, ū,
is zero, these equations reduce to the standard inviscid Euler
equations. ALE methods typically integrate the advection
term of Equation (1) by directly applying some integration
scheme to the mesh velocities. In our case, we account for
the mesh displacement over a time step directly during semi-
Lagrangian advection.

We solve this system using the fractional step method as
described by [Sta99] with three distinct steps: add forces
which computes accelerations due to buoyancy or other
forces acting on the fluid, velocity advection which uses a
semi-Lagrangian method to account for transport of the ve-
locity field, and pressure correction which solves for and
applies pressure forces that ensure incompressibility. Addi-
tionally, for rendering purposes we advect a large number of
massless tracker particles.

3.1. Generalized semi-Lagrangian step
Due to its simplicity and stability, the semi-Lagrangian
method has become the standard tool for solving the ad-
vection of the velocity field [Sta99]. Let x̄ be the locations
where velocities are stored (in our case the face centers). For
a fixed mesh, the semi-Lagrangian method updates the ve-
locity value at the ith face center by first tracing backwards
from x̄i, to a location x′i . The current velocity stored at x̄i,
u(x̄i, t), is then set to be the interpolated value of the previ-
ous velocity field at the location x′i , u(x′i , t−∆t).

We generalize the above procedure to account for the
change in x̄ as the mesh deforms. Let x̄(t) be the locations
where velocities are stored at time t. As before, we first trace
back from x̄(t)

i to a point x′i using the old velocities. Then,

we set the new velocity at x̄(t)
i to the value interpolated from

the old velocity field at x′i . Since the velocities from the pre-
vious step are stored in different locations, x̄(t−∆t), we have
to trace back and interpolate using this previous mesh (see
Figure 2).
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Figure 2: A 2-D representation of our generalized semi-
Lagrangian method. We trace back from the position where
a velocity is stored in the new mesh x̄i = (x,y), interpolate
the velocity using the old mesh and update the velocity in the
new mesh.

Our process is conceptually similar to performing a stan-
dard semi-Lagrangian step using the old mesh and then re-
sampling velocities at positions in the new mesh. This, how-
ever, involves an additional resampling step to the one al-
ready present in the semi-Lagrangian step. Since resampling
smooths the velocity field, we prefer tracing back from the
new mesh locations and therefore only resample once per
advection step just as in a standard semi-Lagrangian step.
Because we only resample once during the semi-Lagrangian
step, our method incurs only the smoothing of standard
semi-Lagrangian integration.

3.2. Boundary Conditions
The procedure for mass conservation is unchanged by the
mesh movement. Open boundary conditions are enforced
by setting a fixed ambient pressure (usually zero). Where
we wish to enforce closed boundary conditions we must en-
sure that the fluid’s normal velocity matches that of the ap-
propriate boundary face in the mesh. The method for im-
posing these types of boundary conditions during pressure
correction is well known. While variations of the approach
we use almost certainly have been used by others within the
computer graphics community, we include a description for
completeness.

To make our fluid conserve mass, the velocity field
must obey a volume-scaled divergence free condition,
V j(∇·u(t)) = 0, where V j is the volume of each cell j. The
intermediate velocity, u∗ from the advection step does not,
in general, satisfy this condition. We solve for a pressure
field that will correct velocities such that the above condi-
tion is met for each cell. Velocities at faces on the bound-
ary of the fluid with obstacles are constrained to have the
same normal component as the velocity of the obstacle and

therefore should not be changed by the pressure. To find
the appropriate pressure field, we first generate matrices that
encode our derivative operators. G is a (No ×Nc) matrix
that when multiplied by a vector, p, of pressures at all of
the Nc cells, produces the pressure gradient at the No open
boundary and interior faces. D is a (Nc ×No) matrix that
produces the open boundary and interior faces’ contribution
to the volume-scaled divergence for each cell. Given these
matrices we solve for p in the symmetric, positive-definite
linear system:

DGp =
ρ

∆t
b (3)

where b is a (Nc× 1) vector whose entries are the volume-
scaled divergence of u∗ computed using all faces of that cell.
Once p is found it is used to accelerate the open and interior
face velocities by uo

(t) = uo
∗− (∆t/ρ)Gp.

3.3. Mesh deformation
Use of the semi-Lagrangian method to account for advec-
tion allows for a simple and natural way to alter the mesh.
As explained in prior sections, we account for the mesh’s
deformation during the semi-Lagrangian and pressure cor-
rection steps. The only additional cost is re-calculating mesh
properties such as node positions, face normals, and cell vol-
umes each time the mesh is altered. In our implementation
this takes < 5% of the total computation time. As the semi-
Lagrangian step uses both previous and updated velocity po-
sitions, these must be stored while all other mesh properties
can simply be updated after the semi-Lagrangian step.

The method is limited by acceptable deformations of the
mesh. Cubical cells are limited to uniform scaling and rigid
deformations. With the tetrahedral method of [FOK05], and
as is typical for Finite Element or Finite Volume methods,
some care must be taken to avoid bad elements when de-
forming a mesh. Elements with poor aspect ratios will yield
poor numerical results, while inverted elements will produce
garbage. Therefore, the deformation technique should pre-
serve mesh quality. A number of researchers using ALE
methods have investigated the problem of "rezoning" —
finding favorable interior node positions of a mesh given
a prescribed deformation of the boundary nodes (see e.g.
[DHPRF04],[KH98]). In our work, we have used relatively
benign deformations such as squeezing (Figure 1,Figure 5)
or rigid motion (Figure 3). For Lagrangian deformation of
solids, [ITF04] presented techniques that behave well even
in the presence of poorly shaped or inverted elements and
such techniques might be extendable to fluid simulation.

4. Results and Discussion
We have implemented the method described above and used
it to create the examples shown throughout the paper. We
generated our tetrahedral meshes with NETGEN† and all
images were rendered using PIXIE.‡

† http://www.hpfem.jku.at/netgen/
‡ http://pixie.sourceforge.net
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Figure 3: This image shows smoke spinning and rising in a
tube due to the motion of a rotating blade.

The images in Figure 1 show the motion of a fluid created
by squeezing and expanding the lower chamber of the glass
object. As indicated by the motion of the green massless
particles, the fluid first shoots out of the chamber and then
is sucked back in. The tube at the top allows for inflow and
outflow created by this action.

Figure 3 shows the results of simulating a rotating blade
inside a tube with an open top and bottom. The smoke rises
and spins due to the blade motion, not due to added buoy-
ancy effects. This simulation was accomplished by rotating
a mesh with an embedded blade about its axis while adding
smoke at fixed locations in world space.

In Figure 4 we compare results of simulating on a fixed
versus deforming mesh using the example of a buoyant jet.
A slice of the actual simulation mesh is shown to demon-
strate that the top mesh is fixed while the bottom mesh un-
dergoes squashing and stretching. As is shown, moving the
mesh creates no visible artifacts in the fluids motion.

In Figure 5 the Stanford Buddha’s belly is contracted and
expanded to induce a breathing motion. The motion causes
smoke to be puffed out through the figure’s mouth and into
the surrounding volume.

We have presented a simple modification to Eulerian fluid
simulation that allows the underlying mesh to deform. The
implementation is a straightforward extension of the semi-
Lagrangian method that causes no undesirable artifacts, such
as smoothing, and requires only the additional cost of updat-
ing the mesh.
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Figure 4: This sequence compares a fixed and deforming mesh. A slice of the actual simulation mesh is shown in green. The
top row features the fixed mesh while the mesh on the bottom is squashed and stretched.

Figure 5: The leftmost image shows smoke inside the Stanford Buddha. The remaining images show the progression of green
smoke as it is exhaled out.
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